Math 4140 - Assignment 4

Due February 12, 2024

(1) Cf. Assignment 2(2b). Show that for m > 3 every faithful
representation of (Z,,,+) over R of degree 2 is irreducible.
What about over C?
(2) For n > 3 let Dy, = {a,b : a™ =1,b> = 1,b7tab = a™ ') and
w = €2™/" Show that

. w 0 0 1
0: Dy, — GL(2,C) with ae_<0 w1)7 be_(l 0)

defines an irreducible representation.

(3) Let G :=Zy X Zs.

(a) Determine the matrices for the regular representation p of
G over R explicitly.

(b) Express RG as a direct sum of 1-dimensional RG-submodules

(¢) Using this decomposition of RG determine the matrices for
a representation 6, which is a sum of degree 1 representa-
tions and equivalent to p.

(4) Cf. Assignment 2(4). Let V. = U; & --- @ U, be an FG-
module that is a direct sum of 1-dimensional F'G-submodules
Uy, ..., U,.

Prove that if V' is faithful (i.e., V affords a faithful represen-
tation), then G is abelian.

(5) [1, Exercise 8.5] Let

o-{(1) -3

act on C? by right multiplication, call the corresponding CG-
module V.
Show
(a) G is isomorphic to Z.
(b) V has only one proper non-trivial CG-submodule.
(c) V is not completely reducible (This shows that Maschke’s
Theorem fails for infinite groups).
(6) Let G be a finite group, let I be a field, and let z:= 3 g €
FG.
(a) Show that zg = gz = z for all g € G.



(b) Deduce that
e: FG — FG, aw az,

is an F'G-module homomorphism.
(c) Show that for all > _,cyg € FG we have

(Z Ceg)E = (Z Cg)%

geG geG
and consequently
ime = Fz

is an F'G-submodule of the regular F'G-module.
(d) Show that

kere = {chg € FG ch =0}
9€G geG
is an F'G-submodule of the regular F'G-module.
(7) Continued, with the assumption that charF' does not divide |G/.
(a) Show that the representation of G corresponding to ime is
trivial.
(b) Give a basis for kere.
(c) Show that F'G = ime @ kere.
What changes if charF’ divides |G/|?
(8) Bonus problem. Continued, with the assumption that charF
does not divide |G].
(a) Show that the augmentation map

€: FG — F, chgl—> ch,
geG geqG

is a ring homomorphism.
Hence A = kere is an ideal (called the augmentation
ideal) of the ring FG.

(b) Deduce from (6a) that F'z is also an ideal of F'G and that

FG=FzpA=FxA

as rings.
(c) Show that for every F'G-module V,
V=VzeVA
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