Math 4140 - Assignment 3

Due February 5, 2024

(1) [1, cf. Exercise 6.1] Let Dg := {a,b : a* = 1,0 = 1,b"tab =
a1y,

(a) Compute xy, yx,x? for
r:=a+2da*, y:=2a—3bin CDs.

(b) Let z = b+ a®b. Show that zg = gz for all g € Dg. Deduce
that zr = rz for all r € CDsx.

(2) [1, Exercise 4.1] Let V = R?® be the permutation RS3-module
defined by e,g := e;, for g € G and E = (ey, ez, e3) the standard
basis of R3.

(a) Give [g]|g for all g € Ss.
(b) For B = ((1,1,1),(1,—-1,0),(1,0,—1)) give [g]p for all g €
S3. What do you notice about this representation?

(3) Let A be an F-algebra with zero 04, let V' be an A-module with

zero Oy . Show
(a) Oya =0y for all a € A,
(b) v04 =0y for all v e V.
(4) Show the lemma from class that representations of G and of
F@G are essentially the same:
Let G be a group, F' a field, n € N.
(a) Every group representation p: G — GL(n, F) extends to
an algebra representation

p: FG — F™", Zcmx > Zcmx‘).
zeG zeG

(b) Every algebra representation o: FG — F"™*™ restricts to a
group representation

ole: G — GL(n, F).

(5) Show the lemma from class that representations of FG and
FG-modules are essentially the same:
Let F a field, A an F-algebra, n € N.
(a) Every representation o: A — F™™ induces an A-module
on F™ via

va :=va’ forv e F",a € A.



(b) For an A-module V' with basis B = (by,...,b,), let [a]p be
the matrix of the linear map V" — V, v — va, with respect
to B. Then

p: A— F™" aw [a]p,
is a representation of A.
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