Math 3140 - Assignment 5

Due February 21, 2024

These problems are review for Midterm 1 on February 21. Do
them before the exam!

(1) Compute the multiplicative inverses of the following if they ex-

ist:

() A=( 4 7 )imcLER)

(b) b= (23 4)(123)in S (give a decomposition in disjoint
cycles)

(¢) ¢=1[9] in

Solution

(a) Recall from Linear Algebra:

12\ 1 4 -2
3 4 T 1-4—-—2-3\ -3 1

(b) First compute b = (1 3)(2 4). Then b~! = b.
(¢) Use the extended Euclidean algorithm to solve 29+y25 = 1
for z € Z. Then ¢! = [z] = [14].

(2) Prove or disprove:
7 with the operation x @y := x +y + 3 for z,y € Z is a group.

Solution This is a group since
(a) @ maps integers to integers,
(b) @ inherits associativity from (Z, +),
(c) —3 is the identity for @ because @& (—3) =z = (-3) Gz
for all x € 7Z,
(d) every x € Z has an inverse z ! € Z such that x®x~! = -3,
namely 7! = 2 — 6.

(3) For G a permutation group on X and x € X, the stabilizer of
xin G is
stabg(z) :={g€ G : g(z) ==z}
Show that stabg(z) is a subgroup of G.

Solution stabg(x) is a subgroup since it’s non-empty, closed
under multiplication and inverses:

(a) () € stabg(z) # 0,
(b) for f,g € stabg(z) we see f(g(x)) = x and fog € stabg(z),



(c) for f € stabg(x) we see f~}(z) = x and f~! € stabg(x).

(4) The exponent of a group G is the smallest n > 0 such that
g" = 1for all g € GG if it exists; else the exponent of G is infinite.
Show that every group G of exponent 2 is abelian.

Solution Let G have exponent 2, let a,b € G. Then
ab=(ab) ' =b"ta"' = ba
and G is abelian.
(5) Let (G, ) be a group and g € G. Show that
ag: G — G, v — gz,
is a permutation on G. Is a, a homomorphism on G7

Solution a, is bijective (hence a permutation) since it has an
. _1 .
inverse a, " = az-1.

For z,y € G,

ag(zy) = gry  and  ag(w)ay(y) = grgy
are equal only if g = 1. Hence a4 is a homomorphism iff g = 1.

(6) Let (G,-) be a group and S C G. Show that the subgroup
generated by S consists of all finite products of integer powers
of elements in S, i.e.

(Sy={a--af - n>0,k,... kn€Z,a1,...,a, € S}

n

Hint: Show that if a subgroup H contains S, then it also con-
tains all products of powers of elements in S.

Conversely, show that the set of products of powers of ele-
ments in S is a subgroup of G.

Solution Let H := {alfl coeakh >0k, ky €Z,ay,. .. a, €
S}.
D: Since (S) is closed under multiplication and inverses, we
have

eacS = da"e(S) forall k € Z and further

eay,...,ay €8S = al'---af € (S) forall ky,... K, € Z.
Hence (S) O H.
C: Since (S) is the smallest subgroup containing S, it suffices
to show that H is a subgroup that contains S:

e S C H is clear.

e Fora® -..af» bl - bim € H wesee that af' - - - aFnbf .. pim €

H.
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e Foral'---af» € H weseethat (a}'---af)~' =a Fn . al®

is also in H.
Hence H is a subgroup and contains (S5).

Assume that a group G contains elements of all orders between
1 and 10. What is the smallest possible order of G?

Solution By Lagrange’s Theorem, |G| is a multiple of all inte-
gers between 1 and 10. Hence the smallest possible order of G is
the least common multiple of 1, ..., 10, that is, lem(1, 2, ..., 10)
8:-9-5-T7.

Let G be a nontrivial group that has no proper, nontrivial sub-
groups (i.e. 1 and G are the only subgroups of ). Show that
|G| is prime.

Hint: Do not assume at the outset that G is finite.

Solution: Let a € G,a # 1. Then (a) is a nontrivial subgroup
of G. Hence (a) = G is cyclic.

Now G cannot be infinite because otherwise (a?) is a proper
nontrivial subgroup.

So G is finite, say of order n. For d|n, the subgroup (a?)
must either be 1 or G. In the former case d = n, in the latter
d = 1. Anyways, n is only divisible by 1 and by n. Thus n is
prime. U
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