Math 3140 - Assignment 5

Due February 21, 2024

These problems are review for Midterm 1 on February 21. Do
them before the exam!

(1) Compute the multiplicative inverses of the following if they ex-

1st:

() A=( 5 7 )mCLERE)

(b) b= (23 4)(123)in S, (give a decomposition in disjoint
cycles)

(c) c=[9] in Zos
(2) Prove or disprove:
Z with the operation x &y : = x+y + 3 for z,y € Z is a group.
(3) For G a permutation group on X and x € X, the stabilizer of
x in G is
stabg(z) :=={g € G : ¢g(z) = z}.

Show that stabg(x) is a subgroup of G.
(4) The exponent of a group G is the smallest n > 0 such that
g" = 1for all g € G if it exists; else the exponent of G is infinite.
Show that every group G of exponent 2 is abelian.
(5) Let (G, ) be a group and g € G. Show that

ag: G — G, v — gz,

is a permutation on G. Is a, a homomorphism on G7

(6) Let (G,-) be a group and S C G. Show that the subgroup
generated by S consists of all finite products of integer powers
of elements in S, i.e.

<S>:{alf1---af{‘ :n>0,ky,....k, €Z,ay,...,a, € S}

Hint: Show that if a subgroup H contains S, then it also con-
tains all products of powers of elements in S.
Conversely, show that the set of products of powers of ele-

ments in S is a subgroup of G.

(7) Assume that a group G contains elements of all orders between
1 and 10. What is the smallest possible order of G

(8) Let G be a nontrivial group that has no proper, nontrivial sub-
groups (i.e. 1 and G are the only subgroups of ). Show that
|G| is prime.
Hint: Do not assume at the outset that G is finite.



