Math 3140 - Assignment 4

Due September 18, 2026
: 1 23 456 1 23 456
(1) For permutations ov = (2 135 4 6)’ B = (6 1 2 4 3 5)

compute
a™t,af, Ba

and their orders.
Solution: Rewrite in cycle notation
a=(12)(45), p=(16532)
Then the inverse of a can be found by reversing its cycles
a~l=(21)(54) = (12)(45) = q,

has order 2.

af =(16453)

Pa=(26543)
both have order 5 (but in general |af| # |Bal).

(2) Find all subgroups of S5, give generators for each and show

their inclusions in a subgroup lattice.

Hint: First find all cyclic subgroups. Then all subgroups that
need two generators, etc.

Solution: trivial subgroup: 1
cyclic subgroups: ((12))  ((13))  ((23))  ((123))
any 2 distinct non-identity permutations generate S3 U

(3) Show that a cycle of length ¢ can be written as a product of
¢ — 1 transpositions,

(ay ag ...ap) = (a1 ag)(arap—q) ... (aras).
Solution: Note that the functions on each side map

a] +— Qs
a9 > asg

ay — a7
and fix all other points. Hence they are equal. U



(4)

Show that Z(S,) =1 for n > 3.

Solution: D: Clearly the identity () commutes with all ele-
ments in S, hence is in its center.

C: Let a € S, such that o # (). Show that there is some
B € S, such that af # Ba. For that § needs to move the same
points as « but differently.

Since o # (), we have x € {1,...,n} such that a(x) # z. Let
y € {1,...n} be distinct from x and «(z). Such y exists since
n > 3. Let B := (z,y).

Then af(z) = a(y) and fa(x) = a(x). Note a(r) # a(y)
since  # y. So aff # fa and a € Z(S,,). Thus Z(S,) C 1. O

Let (G,-,7',1¢) and (H,*,~',1y) be groups with identities
lg, 1y, respectively. Let ¢: G — H satisfy
p(x-y) = p(z) * (y) for all 2,y € G.

Show:

(a) o(le) = 1u.

Hint: Start by evaluating ¢(15 - 1¢) in two ways.
(b) p(z7!) = p(z)~! for all x € G.

Hint: Use (a).

Solution: (a)

v(le) = ¢(lc - 1o) = ¢(lc) * ¢(1c)
Multiply by ¢(1g)~! in H to get 1z = p(1g).

(b) w(g7") - »w(9) = p(97'9) = (1) = 1u by (a) yields that
©(g™1) is the inverse of ©(g). 0

Let G, H be groups and ¢: G — H a homomorphism. Show
(a) The image of ¢,
0(G) == {¢lg) : g€ G}

is a subgroup of H.
(b) The kernel of ¢,

kerp:={g€ G : p(g9) =1}
is a subgroup of G.
Recall image and kernel of linear maps on vector spaces.

Solution: (a) Show that ¢(G) is closed under multiplication
and inverses:



3

Let a,b € ¢(G). Then we have x,y € G such that a =
p(x),b = ¢(y). Now

ab = p(x)p(y) = (zy) € p(G),

a”' = p(a7") € p(G) by (5a).
(b) Show that ker ¢ is closed under multiplication and in-

verses:
Let x,y € ker p. Then ¢(x) = p(y) = 1y and

o(zy) = ¢(x)p(y) = 1y yields xy € ker ¢

271 € ker ¢ since by (5b) p(z7!) = ¢(z)"' = 1y.



