Math 2135 - Assignment 10
Due November 7, 2025

(1) Compute the determinant of the matrices by cofactor expansion. Pick a row or
column that yields the least amount of computation:

vy [
0 e 20 0 0
71 =25

Solution:
Expand det A down the first column:

det A = 0-det Ay —5-det Ay +0-det Agy — —5-det [_13 :ﬂ — 5(1(—4)— (=3)(=3)) = 65

Expand det B across 3rd row:

0 -3 0
det B=2-detByjz=2-det |1 5 1
1 =2 5

Expand across 1st row:

11
15

Sodet B=2-12 = 24. O

detBlgz—l(—?))det[ ]:3-(1-5—1-1):12

(2) Rule of Sarrus (basketweaving) for the determinant of 3 x 3-matrices. Let

a11 Q12 ais
A= |ag az az
a31 a3z ags
Prove that
det A = a11a90a33 + a12a23a31 + A13021A32 — A13022031 — Q11023032 — Q12021033
Hint: Expand det A across the first row.

Solution:

det A = ai - det AH — a9 det A12 + ais - det A13
A22 Ay Q21 A2 Q21 QA22
= a1 - det 3 — a2 det 3 + a3 - det
32 Aas3 31 Aass a31 Aa3z2
= a11(a22a33 - a23a32) - CL12(CL21G33 - a23a31) + CL13(G21G32 - a22a31)

= (11022033 + Q12023031 + 13021032 — 13022031 — (11023032 — 12021033



(3) Give two 3 x 3-matrices with determinant 6. (Hint: triangular matrices.)

Solution:
Any triangular or diagonal matrix whose diagonal elements multiply to 6 will do,

e.g.,

s

I
o O =
O = O
o O O

. a b
(4) Consider A = [c d}'

(a) How does switching the rows effect the determinant? Compare det A and det [Z ﬂ .

Solution:
Interchanging 2 rows changes the sign of the determinant:

d

det [C 1 —cb—ad=—det A
a b

O

(b) How does multiplying one row by a scalar effect the determinant? Compare

det A and det [m Tb] .
c d
(¢) How does adding a multiple of one row to the other row effect the determinant?
a b
Compare det A and det [c Y ra d+ rb]'

Solution:
Adding a multiple of the first row to another does not change the determinant:

a b
det [c—i—m d+rb] =a(d+1rb) —b(c+ra) = ad — bc = det A

(5) Compute the determinants by row reduction to echelon form:

38 o1 3 s
A=13 4 —4 B=|, - & _a
2 -3 -5



Solution:

1 1]
4 —4
-3 -5
1 1]
1 -1
—5 -3
1 -1

1 -1

00 —8

=3-1-1-(-8) = —24.

det A = 3 - det

=3 -det

SO OO, NWH

=3 -det

factoring 3 from the first row

subtracting multiples of the first row from the others

adding 5 times the second row to the third

1 3 2 —4
0 1 2 =5
det B = det 0 1 9 5
0o -1 -1 -10
1 3 2 —4
012 =5
=det o 0 0 10
0 0 1 —15
1 3 2 —4
01 2 -5 )
= —det 00 1 —15 flipped row 3 and 4
0 00 10
——1-1-1-10 = —10.
(6) Let A= [a b] and B = lu U]. Show
c d w T
det(AB) = det(A) det(B).
Solution:

as - |

det AB = (au + bw)(cv + dx) — (av + bz)(cu + dw) =

au+bw av -+ bx
cu+dw cv+dx

|

. =det A-det B



