
2.2 Inverse matrices.

Definition. An n×n-matrix A is invertible if there exists an n×n-matrix B such
that

AB = BA = In.

Then B is called the inverse of A and denoted by A−1.

Note: If an inverse of A exists, it is unique.

Theorem. Let A =

�
a b
c d

�
. If ad− bc ̸= 0, then A is invertible and

A−1 =
1

ad− bc

�
d −b
−c a

�
.

Else if ad− bc = 0, then A is not invertible.

Proof. HW

Example. A =

�
3 4
5 6

�

Theorem. For invertible matrices A,B

(1) (A−1)−1 =

(2) (AB)−1 =

Proof.
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2.2 Characterizations of invertible matrices.

Question. How to recognize that a matrix has an inverse?

Invertible Matrix Theorem. For an A ∈ Rn×n the following are equivalent:

(1) A is invertible.
(2) A can be row reduced to In.
(3) The columns of A are linearly independent.
(4) The columns of A span Rn.
(5) There exists a left inverse C ∈ Rn×n of A such that CA = In.
(6) There exists a right inverse D ∈ Rn×n of A such that AD = In.
(7) The transpose AT is invertible.

Proof.
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Example. Is A =




1 0 −2
3 1 −2
−5 −1 9


 invertible?

Recall. f : A → B is bijective iff f has an inverse function f−1 : B → A such
that

f−1

f(x)

�
= x for all x ∈ A,

f

f−1(y)

�
= y for all y ∈ B.

Theorem. A linear map T : Rn → Rn, x 7→ Ax, is bijective (invertible) iff A is
invertible.
(Then T−1 : Rn → Rn, x 7→ A−1x.)

Proof.


