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Abstract. We show that there is a countable universal abelian p-group for purity, i.e., a countable abelian
p-group U such that every countable abelian p-group purely embeds in U . This is the last result needed to

provide a complete solution to Problem 5.1 of [Fuc15] below ℵω . We introduce ℵ0-strongly homogeneous

p-groups, show that there is a universal abelian p-group for purity which is ℵ0-strongly homogeneous, and
completely characterize the countable ℵ0-strongly homogeneous p-groups.

1. Introduction

The main goal of this paper is to address Problem 5.1 in page 181 of [Fuc15] in the case of countable
abelian p-groups. The problem stated by Fuchs is the following:

Main Problem. For which cardinals λ is there a universal abelian p-group for purity? We mean an abelian
p-group Uλ of cardinality λ such that every abelian p-group of cardinality ≤ λ embeds in Uλ as a pure
subgroup. The same question for torsion-free abelian groups.

We provide a positive answer in the case λ = ℵ0 for p-groups. More precisely we obtain the following
result. Recall that H is a pure subgroup G if nG ∩H = nH for every n ∈ N.

Main Theorem.
⊕∞

n=1 Z(pn)(ℵ0) ⊕ Z(p∞)(ℵ0) is a countable universal abelian p-group for purity.

The above result is the last result needed to provide a complete solution to Fuchs’ problem below ℵω. For
p-groups, it is shown in [Maz21], that the existence of a universal abelian p-group for purity of cardinality
ℵ1 is independent of the standard axioms of set theory (ZFC) and that the existence of a universal abelian
p-group for purity of cardinality ℵn depends on the value of the continuum for n ≥ 2. For torsion-free
abelian groups, it is shown in [KojSh95], that there is not a universal torsion-free abelian group for purity
of cardinality ℵ0 and that the existence of a universal torsion-free abelian group for purity of cardinality ℵn
depends on the value of the continuum for n ≥ 1. There are some partial results for cardinals greater than
or equal to ℵω for p-groups in [Maz21] and significant results for torsion-free groups in [KojSh95], [Sh01],
[Sh17], [KuMa20], [Sh21]. On page 302 of [Sh21] a detailed breakdown for cardinals greater than ℵω is
presented.

We give two independent arguments for the existence of a countable p-group for purity. The first argument,
which is presented in Section 3, uses only standard model theoretic tools. The key result is that the number of
p-torsion pp-types of any finite length in the theory of abelian groups is countable (Theorem 3.2). Once that
is shown, we take the biggest complete theory of abelian p-groups and construct a countable ℵ0-saturated
model for p-torsion pp-types which is shown to be a universal p-group for purity.

The second argument, which is presented in Section 4, uses some deep results of the model theory of
modules. The advantage of this argument is that we explicitly describe a countable universal p-group
for purity and show that for every countable p-group there is a pure essential monomorphism into a direct
summand of the mentioned universal group. The key result is that the pure injective hull of a finite subgroup
of a p-group is the direct sum of a finite number of indecomposable pure injective p-groups (Theorem 4.6).
Once that is shown, we build a pure essential monomorphism from any countable p-group into a direct
summand of

⊕∞
n=1 Z(pn)(ℵ0) ⊕ Z(p∞)(ℵ0) by decomposing the p-group into finite subgroups and using the

universal property of the pure injective hull.
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This also answers Question 3.11 of [Maz21].
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Then we turn to study the classical model theoretic notion of an ℵ0-strongly homogeneous model for
p-groups, i.e., a p-group such that every partial pure isomorphism (see Definition 2.3) of finite subgroups
extends to an automorphism of the group. We show that direct sums of pure injective indecomposable
p-groups are ℵ0-strongly homogeneous, so in particular the universal model

⊕∞
n=1 Z(pn)(ℵ0) ⊕ Z(p∞)(ℵ0)

is ℵ0-strongly homogeneous. Moreover, we get a complete characterization of the countable ℵ0-strongly
homogeneous p-groups.

Theorem. Assume M is a countable p-group. The following are equivalent.

(1) M is ℵ0-strongly homogeneous.
(2) One of the following holds.

(a) M is isomorphic to
⊕∞

n=1 Z(pn)(αn)⊕Z(p∞)(α∞) such that αn is countable (possibly finite) for
every n ∈ Z>0 ∪ {∞}.

(b) There is an n ≥ 1 such that pω+nM = 0 and pωM [p] = pω+(n−1)M [p] 6= 0 where pω+iM [p] is
the subgroup of elements annihilated by p in pω+iM for every i ∈ N.

For an uncountable cardinal λ, we show that there are 2λ non-isomorphic ℵ0-strongly homogeneous p-
groups by showing that p-groups without elements of infinite height are ℵ0-strongly homogeneous and using
[Sh74]. We finish the paper by showing how ℵ0-strongly homogeneous p-groups relate to the classical notion
of a transitive group of Kaplansky [Kap54, §18].

The paper is divided into five sections. Section 2 presents some preliminaries. Sections 3 and 4 have
the model theoretic argument and algebraic argument of the existence of a countable p-group for purity
respectively. Section 5 studies ℵ0-strongly homogeneous p-groups.

We would like to thank John T. Baldwin, Samson Leung, Philipp Rothmaler and Wentao Yang for
comments that helped improve the paper.

2. Preliminaries

We introduce the key concepts of the model theory of modules and abelian group theory that are used in
this paper. These are further studied in [Pre88], [Zie84] and [Fuc15].

2.1. Positive primitive formulae. Since we will only study classes of abelian groups, the language will
always be LZ = {0,+,−} ∪ {z· : z ∈ Z} where z· is interpreted as multiplication by z for every z ∈ Z. We
will write group instead of abelian group. The axioms for the class of abelian groups is expressible in LZ.
The theory of abelian groups is denoted by Th(Ab).

Definition 2.1. A formula φ(v) is a positive primitive formula, pp-formula for short, if

(1) φ(v) = ∃w1, . . . ,∃wl
m∧
j=1

(
n∑
i=1

zi,jvi +

l∑
k=1

sk,jwk
.
= 0

)
,

where zi,j , sk,j ∈ Z for every i ∈ {1, ..., n}, j ∈ {1, ...,m}, k ∈ {1, ..., l} and
.
= is the formal symbol for

equality.

It follows from The Fundamental Theorem of Finitely Generated Modules over a PID, see for example
[Pre88, 2.Z.1], that every pp-formula in LZ is equivalent, relative to Th(Ab), to one of the simplified form∧k

j=1

(
s′j |

∑n
i=1 z

′
i,jvj

)
(2)

where the abbreviation s | v is used for the pp-formula ∃w (sw
.
= v). This includes the possibility that s = 0,

which refers to the formula 0 | v which is equivalent to 0
.
= v. We write s - v for ¬(s | v).

Also called ℵ0-sequentially strongly homogeneous model in the model theory literature.
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2.2. Subsets defined by pp-formulae. If M is a group a pp-formula φ(v) defines in M the subgroup

(3) φ(M) : = { a ∈Mn | M |= φ(a) }

of Mn, where n = `(v) is the length of the tuple of free variables. The definition M 7→ φ(M) is natural
(functorial) in the sense that if f : M → N is a homomorphism of groups, then so is φ(f) = fn |φ(M) : φ(M)→
φ(N), the restriction to φ(M) of the diagonal map fn : Mn → Nn induced by f.

We will mostly be interested in the subsets of M defined by pp-formulae ϕ(v,b) in one free variable with
parameters b = (b1, . . . , bn), bi ∈M. If ϕ(v,b) is M -consistent, then

ϕ(M,b) := { a ∈M | M |= φ(a,b) }

is a coset in M of φ(M,0) ≤M, the subgroup defined in M by the pp-formula φ(v,0) without parameters.

2.3. Partial homomorphisms. From now on, denote by (M,B) an abelian group M together with a
distinguished subset B contained in M . A morphism (f, f0) : (M,B)→ (N,C) of groups with parameters is
just a morphism f : M → N of abelian groups such that f(B) ⊆ C and f0 : B → C is given by f0 = f �B ,

M
f // N

B
f0 //?�

OO

C.
?�

OO

The pp-type of (M,B) over A a subset of M is the collection of pp-formulae given by

pp+(B/A,M) := { φ(ub,a) | M |= φ(b,a) and a ∈ A }.

The free variables of the pp-fomula φ(ub,a) are indexed by the elements of B. This is precisely the set of
pp-formulae satisfied by B in M with parameters in A. For a tuple b ∈Mn we will write pp+(b/A,M). We
will often consider the case where A = ∅ in which case we will simply write pp+(B,M).

If (f, f0) : (M,B)→ (N,C) is a homomorphism of groups with parameters, let

f(pp+(B,M)) := {φ(uf(b)) | φ(ub) ∈ pp+(B,M) }

be the collection of pp-formulae obtained by replacing the variables ub with uf(b) in the pp-formulae of

pp+(B,M). The discussion above implies that f(pp+(B,M)) ⊆ pp+(C,N), which suggests the following
definition, due to Ziegler [Zie84, §3].

Definition 2.2. A partial homomorphism f0 : (M,B)→ (N,C) between groups with parameters is a function
f0 : B → C of the parameter subsets such that f0(pp+(B,M)) ⊆ pp+(C,N). In other words, for every pp-
formula φ(ub) with free variables indexed by B,

M |= ϕ(b) implies N |= ϕ(f0(b)).

It is clear that 1B : (M,B) → (M,B) is a partial homomorphism and that a composition of partial
homomorphisms is a partial homomorphism. Definition 2.2 is similar to that of Ziegler [Zie84, §3] but we
specify a codomain of parameters. It also differs from the definition [CGKS20, Definition 2.1] of Cortes
Izurdiaga et. al., who define a partial homomorphism to be the pair of maps given by the inclusion B ≤M
together with the composition B

f0→ C ≤ N.

Definition 2.3. A partial homomorphism f0 : (M,B)→ (N,C) is a partial pure monomorphism if

f0(pp+(B,M)) = pp+(f0(B), N),

that is, if for every pp-formula φ(ub) with free variables indexed by B,

M |= ϕ(b) if and only if N |= ϕ(f0(b)).

It is a partial pure isomorphism if it is a partial pure monomorphism and f0[B] = C.

For most of the paper one can assume that B is a subgroup, this is the case in the algebraic argument of the main result of

the paper.
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This notion is similar to Ziegler’s [Zie84, §3] partial isomorphism. It is obvious by considering the pp-
formula ub

.
= 0 that if f0 : (M,B) → (N,C) is a partial pure monomorphism and B,C are groups, then

f0 : B → C is a monomorphism of groups. The converse is not true in general. Neither is a partial pure
monomorphism necessarily a monomorphism in the category of groups with parameters (and morphisms the
partial homomorphisms).

A homomorphism f : M → N of groups is a pure monomorphism if the partial homomorphism
f : (M,M) → (N,N) is a partial pure monomorphism. If M ≤ N and the inclusion morphism is a pure
monomorphism, we say that M is a pure subgroup of N and we denote it by M ≤p N . The Fundamental
Theorem of Finitely Generated Modules over a PID may be applied again to show that this is equivalent to
Prüfer’s original definition that for every z ∈ Z, zM = zN ∩M.

A morphism f : M → N is an elementary monomorphism, if for every first-order formula ψ(xm) with
free variables indexed by M,

M |= ψ(m) if and only if N |= ψ(f(m)).

If M ≤ N and the inclusion morphism is an elementary monomorphism, we say that M is an elementary
subgroup of N and we denote it by M � N. An elementary monomorphism f : M → N is necessarily a pure
monomorphism, and the converse holds if and only if M and N are elementarily equivalent abelian groups
[Pre88, 2.25].

2.4. Torsion subgroups. If M is a group, the torsion subgroup of M consists of the elements of finite order
in M , we denote it by t(M), and the p-primary component of M consists of the elements whose order is a
power of p in M , we denote it by tp(M). t(M) is a pure subgroup of M , for the general reason that the
torsion-free quotient group M/t(M) is flat. Furthermore, every torsion group M may be decomposed as a
direct sum M =

⊕
p tp(M), indexed by the primes p. It follows that if M is a general group and p is a

prime then the p-primary component tp(M) is a pure subgroup of M . An abelian group M is a p-group if
tp(M) = M, that is, if every element has order a power of p. The socle of an abelian p-group consists of the
subgroup of elements annihilated by p.

Proposition 2.4. If (M,A) is a group with a p-group of parameters A, then A ≤ tp(M), and
1A : (tp(M), A)→ (M,A) is a partial pure isomorphism.

Proof. Since tp(M) ≤p M the pp-type of A in M is the same as that of A in tp(M). �

In a p-group, every pp-formula s | v for s ∈ Z is equivalent to the pp-formula pk | v where k ∈ N is such
that s = pkm and (p,m) = 1.

2.5. Universal models. Let us recall the classical notion of a universal model for a class of abelian groups.

Definition 2.5. Let K = (K,≤K) where K is a class of abelian groups and ≤K is a partial order on K.
Then M ∈ K is a universal model in K of cardinality λ if M has cardinality λ and if for any N ∈ K of
cardinality λ there is f : N →M a group monomorphism such that f [N ] ≤K M .

When K is the class of p-groups, ≤K = ≤p and λ = ℵ0; we will say that M is a countable universal p-group
for purity instead of M is a universal model in the class of p-groups with pure embeddings of cardinality ℵ0.

3. Model theoretic argument

In this section we present a direct proof of the existence of a countable universal p-group for purity. The
results of this section are slightly weaker than those of the next section, but have the advantage of only using
standard model theoretic tools and very basic results of the model theory of modules.

It is folklore that the class of p-groups is not first-order axiomatizable in the language of abelian groups
LZ. For this reason we will introduce many relativized versions of classical first-order notions. We begin by
introducing the notion of a complete p-torsion pp-type.

Definition 3.1. Let T ⊇ Th(Ab) be a first-order theory (which is not necessarily complete). q(x1, x2, . . . , xn)
is a complete p-torsion pp-type consistent with T if there is M a model of T such that M is a p-group and
a ∈Mn with q(x1, x2, . . . , xn) = pp+(a,M).

The next result is the key technical result to prove the main theorem from a model theoretic perspective.
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Theorem 3.2. For every n ≥ 1, the set of complete p-torsion pp-types q(x1, x2, . . . , xn) consistent with the
theory of abelian groups is countable.

Proof. Let us associate to q(x1, x2, . . . , xn) a triple (m,Ω, η) that will only depend on q(x1, x2, . . . , xn) in
such a way that the map q 7→ (m,Ω, η) is one-to-one and so that the cardinality of the set of such triples is
countable. Define the triple (m,Ω, η) as follows.

m: As each xi satisfies a torsion condition pmixi
.
= 0 ∈ q for mi ∈ N since the type is realized in

a p-group, there is a natural number m′ such that pm
′
xi

.
= 0 ∈ q for i ∈ {1, · · · , n}. Let m ∈ N

be the least such m′. In other words, m is the least natural number for which pmxi
.
= 0 ∈ q for

i ∈ {1, · · · , n}.
Ω: Now that m has been fixed, observe that r1x1 + r2x2 + · · · + rnxn

.
= 0 ∈ q if and only if r′1x1 +

r′2x2 + · · ·+ r′nxn
.
= 0 ∈ q for ri, r

′
i ∈ Z such that ri ≡ r′i (mod pm) for i ∈ {1, · · · , n}. Let

Ω := {(r1, r2, · · · , rn) ∈
n⊕
i=1

Z(pm) : r1x1 + r2x2 + · · ·+ rnxn
.
= 0 ∈ q}

where r ∈ Z(pm) denotes the congruence class modulo pm of r ∈ Z.
It follows that once m is given, there are only finitely many possibilities for Ω by the finiteness of⊕n
i=1 Z(pm).

η: Now that m has been fixed, observe that pk|r1x1 + r2x2 + · · · + rnxn ∈ q if and only if pk|r′1x1 +
r′2x2 + · · ·+ r′nxn ∈ q, for k, ri, r

′
i ∈ Z such that ri ≡ r′i (mod pm) for i ∈ {1, · · · , n}.

Let η : N→ P(
⊕n

i=1 Z(pm))) be given by:

η(k) := {(r1, r2, · · · , rn) ∈
n⊕
i=1

Z(pm) : pk|r1x1 + r2x2 + · · ·+ rnxn ∈ q} ≤
n⊕
i=1

Z(pm).

Observe that if k < k∗ then η(k∗) ⊆ η(k). Since
⊕n

i=1 Z(pm) is finite, the descending chain
η(0) ⊇ η(1) ⊇ · · · is stationary. Hence the map η is eventually constant. It follows that once m is
given, there are only countably many possibilities for η.

We have shown that the map q 7→ (m,Ω, η) is well-defined and that its image is countable. To see that it
is one-to-one, assume that (mq,Ωq, ηq) = (ms,Ωs, ηs) where q(x1, x2, . . . , xn), s(x1, x2, . . . , xn) are complete
pp-types as given in the statement of the theorem. By [Pre88, 2.Z.1] it is enough to show that formulas of
the form r1x1 + r2x2 + · · ·+ rnxn

.
= 0 and pk|r1x1 + r2x2 + · · ·+ rnxn are preserved between q and s. The

first type of formula is preserved by the definition of Ω and the second by that of η. �

Let us introduce the notion of p-torsion pp-types over non-empty sets.

Definition 3.3. Let M be a p-group and A ⊆ M . q(x) is a complete p-torsion M -pp-type over A if there
is N an elementary extension of M such that N is a p-group and b ∈ N with q(x) = pp+(b/A,N).

We will be interested in building models which realize both the pp-types and their negations.

Definition 3.4. Let M be a p-group and A ⊆ M . q(x) a complete p-torsion M -pp-type over A is strongly
realized in M∗ �M if there is b ∈M∗ such that q(x) = pp+(b/A,M∗).

Corollary 3.5. If M is a countable p-group, then there exists M1 a countable p-group elementary extension
of M such that for every finite subset A of M and q(x) a complete p-torsion M -pp-type over A, q(x) is
strongly realized in M1.

Proof. It follows from Theorem 3.2 that for a finite A ⊆M there are only countably many complete p-torsion
M -pp-types over A. Then the standard argument can be used to construct a countable elementary extension
M �M ′ with the desired property.

To obtain a countable p-torsion elementary extension with the desired property, just take the p-torsion
subgroup tp(M

′) which is a pure subgroup of M ′. It follows that for every pair of pp-formulae ψ → ϕ,

|ϕ(M)/ψ(M)| ≤ |ϕ(tp(M
′))/ψ(tp(M

′))| ≤ |ϕ(M ′)/ψ(M ′)| ≡ |ϕ(M)/ψ(M)| (mod ∞)
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so tp(M
′) is elementarily equivalent to M by [Pre88, 2.18]. It follows that M � tp(M ′) �M ′ are elementary

embeddings by [Pre88, 2.25]. �

We introduce a notion of saturation for p-torsion pp-types.

Definition 3.6. M is ℵ0-saturated for p-torsion pp-types if M is a p-group and for every A a finite subset
of M and q(x) a complete p-torsion M -pp-type over A, q(x) is strongly realized in M .

Theorem 3.7. Let T ⊇ Th(Ab) be a complete theory of abelian groups that has a model which is a p-group.
Then there is U a countable model of T such that U is ℵ0-saturated for p-torsion pp-types. Moreover, every
countable model of T which is a p-group can be elementarily embedded into U .

Proof. Let M |= T be a countable p-group. Using Corollary 3.5 it is easy to construct {Mn : n < ω} such
that:

(1) M0 = M and Mn �Mn+1.
(2) Mn is a countable p-group.
(3) If q(x) is a complete p-torsion Mn-pp-type over A a finite subset of Mn, then q(x) is strongly realized

in Mn+1.

Let U =
⋃
n<ω Mn. U is a countable p-group and an elementary extension of M that is ℵ0-saturated for

p-torsion pp-types by (3).
The standard arguments can be used to show that every countable model of T which is a p-group can be

elementarily embedded into U , it is in this argument that one uses that T is a complete theory. �

Remark 3.8. Let T = Th(
⊕∞

n=1 Z(pn)(ℵ0) ⊕ Z(p∞)(ℵ0)). If M is a p-group, it follows from [Szm55] that

M is elementarily equivalent to
⊕∞

n=1 Z(pn)(αn) ⊕ Z(p∞)(α∞) for αn countable for every n ∈ Z>0 ∪ {∞}.
Then it is easy to show that M ⊕

⊕∞
n=1 Z(pn)(ℵ0) ⊕ Z(p∞)(ℵ0) is a model of T .

We are ready to provide a positive solution to Fuchs’ problem.

Theorem 3.9. There is a countable universal p-group for purity.

Proof. Let T = Th(
⊕∞

n=1 Z(pn)(ℵ0) ⊕ Z(p∞)(ℵ0)) and U be the group obtained by applying Theorem 3.7

to T . Let M be a countable p-group and f : M → M ⊕
⊕∞

n=1 Z(pn)(ℵ0) ⊕ Z(p∞)(ℵ0) be the inclusion

which is clearly a pure monomorphism. Since M ⊕
⊕∞

n=1 Z(pn)(ℵ0) ⊕ Z(p∞)(ℵ0) is a countable model of T ,

there is g : M ⊕
⊕∞

n=1 Z(pn)(ℵ0) ⊕ Z(p∞)(ℵ0) → U an elementary embedding by Theorem 3.7. Therefore,
g ◦ f : M → U is a pure monomorphism. �

The existence of a countable universal p-group contrasts with the case of reduced p-groups, as it was
shown in [KojSh95, 3.1] that reduced p-groups do not have countable universal groups for purity.

Remark 3.10. Using Lemma 4.5 and slightly modifying the construction of Theorem 3.7, it is possible to
obtain the stronger result of Theorem 4.8. Nevertheless, we do not think that the methods used in this section
can be used to obtain the stronger result of Lemma 4.9.

4. Algebraic argument

In this section we construct a countable universal p-group for purity. The argument given in this section
relies heavily on the model theory of modules. For this reason, we present additional preliminaries in this
section. The advantage of this argument is that we explicitly describe a countable universal countable p-
group for purity and show that for every countable p-group there is a pure essential monomorphism into a
direct summand of the mentioned universal group.

4.1. Additional preliminaries. The task presents itself to find sufficient conditions for extending a partial
homomorphism f0 : (M,B)→ (N,C) to a homomorphism (f, f0) : (M,B)→ (N,C) of groups with parame-
ters. One such sufficient condition is when the group N is pure injective, that is, if every pure monomorphism
g : N → K has a retraction h ◦ g = 1N .

Fact 4.1 ([Zie84, 3.6]). Given a group (M,B) with parameters, there exists a pure injective group (H(M,B), B)
with parameters such that



A COUNTABLE UNIVERSAL TORSION ABELIAN GROUP FOR PURITY 7

(1) the morphism 1B : (M,B)→ (H(M,B), B) is a partial pure isomorphism;
(2) for every partial homomorphism g0 : : (M,B) → (N,C) with N pure injective, factors through a

homomorphism

(M,B)
1B //

g0
&&

(H(M,B), B)

(g,g0)

��
(N,C),

(3) every homomorphism (h, 1B) : (H(M,B), B) → (H(M,B), B) is an isomorphism of groups with
parameters.

Conditions (2) and (3) of Fact 4.1 ensure that the pure injective group (H(M,B), B) with parameters is
unique up to isomorphism over B; it is called the pure injective hull of (M,B) and it is denoted by H(M,B).
The relationship between (M,B) and its pure injective hull rests on the following key notion.

Definition 4.2. A partial pure monomorphism f0 : (M,B)→ (N,C) is essential if every partial homomor-
phism h : (N,C) → (K,D) whose restriction h ◦ f0 to (M,B) is a partial pure monomorphism is itself a
partial pure monomorphism,

(M,B)
f0 //

h◦f0
$$

(N,C)

h

��
(K,D)

Ziegler [Zie84, §3] proved that if (M,B) is a group with parameters and B ≤ C ≤ H(M,B), then the pure
monomorphism (H(M,B), B) → (H(M,B), C) given by inclusion is an essential pure monomorphism. In
particular, the partial pure monomorphism (H(M,B), B) ⊆ (H(M,B), H(M,B)) is essential, which implies
that if M is pure injective then the vertical arrow in the diagram

(M,B)
f0 //

h◦f0
''

(H(M,B), H(M,B))

h

��
(M,M)

is a partial pure monomorphism and therefore a pure monomorphism h : H(M,B)→ M. We obtain in this
way a direct summand of M, which we will denote by HM (B), isomorphic to H(M,B) over B. If N is a
group and K is a pure injective elementary extension of N , then HK(N) is the pure injective hull of N and
we will denote it by H(N) as it does not depend on K.

The following fact follows from the property that for any a ∈ H = H(M,B) the partial monomorphism
(H,B) → (H,B + Za) given by the inclusion B ≤ B + Za is essential and therefore that the pp-type
pp+((B + Za)/B,H) is maximal, see for example [Pre88, 4.10].

Fact 4.3. If 1B : (M,B)→ (H(M,B), B) is the pure injective hull of (M,B) and a ∈ H(M,B), then B and
a are linked, i.e., there exists a pp-formula φ(u,vb) such that H(M) |= φ(a,B) ∧ ¬φ(0, B), or, equivalently,
H(M) |= φ(a,B) ∧ ¬φ(a,0).

The next result shows a relationship between essential maps and elementary embeddings.

Proposition 4.4. A pure monomorphism f : M → N which is essential when considered as a partial pure
monomorphism is elementary.

Proof. It is enough to show that M and N are elementarily equivalent by [Pre88, 2.25]. To see that M and
N are elementarily equivalent, it is enough to show that they have isomorphic pure injective hulls as pure
injective hulls are elementary extensions by [Sab70]. The composition g : M → N → H(N) of f with the
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pure injective hull of N is also essential when considered as a partial homomorphism. Using that H(M) is
pure injective, one can find h such that the following triangle commutes

M
g //

d

""

H(N)

h

��
H(M)

Since g is pure essential, then h is a pure monomorphism. This implies that the image of h, which is
isomorphic to H(N) is a direct summand of H(M) that contains M. By minimality of the pure injectie hull,
it follows that h is onto and therefore an isomorphism. �

An abelian group M is Σ-pure injective if M (ℵ0) is pure injective. Examples of Σ-pure injective groups
include Z(pn) for n ∈ Z>0∪{∞}. Σ-pure injective groups are closed under finite direct sums and under pure
subgroups [Pre88, 2.11]. Moreover, they can be decomposed uniquely as a direct sum of indecomposable
pure injective groups [Gar80, Lemma 1].

A group M is indecomposable if M 6= 0 and M cannot be written as the direct sum of two non-trivial
subgroups. If M is an indecomposable pure injective p-group, then M is isomorphic to Z(pn) with n ∈
Z>0 ∪ {∞}.

4.2. A countable universal model. If M is a p-group, then every finite subset X ⊆M generates a finite
subgroup B = 〈X〉 ≤M , so we will only consider subgroups as parameters in this subsection. As B is finite,
the descending chain of subgroups given by

(4) B = B ∩M ⊇ B ∩ pM ⊇ B ∩ p2M ⊇ · · · ⊇ B ∩ ptM ⊇ · · ·
is stationary, in the sense that there exists an s such that B ∩ psM = B ∩ ptM for all t ≥ s.

The next result uses similar ideas to those of [Her92, 1.2].

Lemma 4.5. Let M be a p-group, B ≤M a finite subgroup of parameters and take s to be the least natural
number such that for all t ≥ s, B ∩ ptM = B ∩ psM. If t ≥ s, then the cyclic group Z(pt+1) does not occur
as a direct summand of the pure injective hull H(M,B).

Proof. Assume for the sake of contradiction that there exists a direct summand H(M,B) = Z(pt+1) ⊕H ′,
with t ≥ s, and choose an element a in the socle of Z(pt+1). Thus Z(pt+1) |= pa = 0 ∧ pt | a ∧ pt+1 - a. By
Fact 4.3, B and a are linked, so that there is pp-formula φ(u,v) such that

H(M,B) |= φ(a,B) ∧ ¬φ(0, B).

If φ(u,B) is expressed as a conjunction, as in Equation (2), then one of the conjuncts nj | zju+
∑
i zijbi

already links a to B. Furthermore, as B is a group, b = −
∑
i zijbi belongs to B, so that a is linked to B by

a formula of the form φ(u, b) = n | zu− b for b ∈ B.
If p | z, then H(M,B) |= za = 0, which would imply that H(M,B) |= φ(0, b), contradicting that φ links

a and B. Hence p - z. Since M is a p-group, this implies that multiplication by z on M is an automorphism
that fixes B point-wise. If zb′ = b, it follows that the pp-formula ρ(u, b′) = n | u − b′ also links a and B.
There two cases to consider:

Case 1: n = 0. In this case, the linking formula is equivalent to u
.
= b′, which would imply that a ∈ B,

and therefore a ∈ B ∩ psM. By the choice of s, a ∈ B ∩ pt+1M. This would imply that H(M,B) |= pt+1 | a.
Hence Z(pt+1) |= pt+1 | a, contradicting that Z(pt+1) |= pt+1 - a.

Case 2: n 6= 0. Let pk|n be the highest power of p to divide n, so n = pkr, for some r and (p, r) = 1. Since
B is a p-group and a has order p, one can show that

H(M,B) |= pk | a− b′ ∧ pk - b′,
so Z(pt+1) |= pk - a. Thus k > t ≥ s. H(M,B) |= ps | a − b′ as k > s and H(M,B) |= ps | a as t ≥ s, so
H(M,B) |= ps | b′. Then M |= ps | b′, whence b′ ∈ B ∩ psM = B ∩ pkM, by the choice of s. This would
imply that M |= pk | b′, contradicting that H(M,B) |= pk - b′. �
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Theorem 4.6. If M is a p-group and B ≤ M is a finite subgroup of parameters, then H(M,B) is a finite
direct sum of groups of the form Z(pn) for n ∈ Z>0 ∪ {∞}. In particular H(M,B) is Σ-pure injective.

Proof. Since H(M,B) is pure injective, it follow that H(M,B) ∼= H(
⊕

i∈IMi) such that Mi is a pure
injective indecomposable group for every i ∈ I by [Zie84, 6.1] and [Fuc15, §6.3.6]. Moreover, since M is a
p-group, it follows from Lemma 4.5 that

H(M,B) ∼= H(Z(p)(λ1) ⊕ Z(p2)(λ2) ⊕ · · · ⊕ Z(pt)(λt) ⊕ Z(p∞)(λ∞))

for t ∈ N and λi a cardinal (possibly finite) for every i ∈ {1, · · · , t,∞}.
Using that pure injective groups are closed under finite direct sums and that Z(pn) for n ∈ Z>0 ∪ {∞}

are Σ-pure injective, it follows that:

H(M,B) ∼= Z(p)(λ1) ⊕ Z(p2)(λ2) ⊕ · · · ⊕ Z(pt)(λt) ⊕ Z(p∞)(λ∞).

Therefore, from the minimality of H(M,B) and the finiteness of B, we have that:

H(M,B) ∼= Z(p)n1 ⊕ Z(p2)n2 ⊕ · · · ⊕ Z(pt)nt ⊕ Z(p∞)n∞

for t ∈ N and ni ∈ N for every i ∈ {1, · · · , t,∞}.
Since a finite direct sum of Σ-pure injectives is Σ-pure injective, it follows that H(M,B) is Σ-pure

injective. �

Lemma 4.7. Every countable p-group admits an essential pure, and therefore elementary, monomorphism
into a countable direct sum of groups of the form Z(pn) for n ∈ Z>0 ∪ {∞}.

Proof. Let M be a countable p-group. Then M is the union of a totally ordered countable set of finite
subgroups

B0 ⊆ B1 ⊆ · · · ⊆ Bn ⊆ · · · ⊆M =
⋃
n∈N

Bn.

One can build {en | n ∈ N} such that:

(1) For every n, en : H(M,Bn)→ H(M,Bn+1) is a pure monomorphism.
(2) For every n, the following diagram commutes

(M,Bn)
ιn //

1Bn

��

(M,Bn+1)

1Bn+1

��
(H(M,Bn), Bn)

(en,1Bn+1◦ιn )// (H(M,Bn+1), Bn+1)

Let n ∈ N. Since 1Bn+1 ◦ ιn : (M,Bn) → (H(M,Bn+1), Bn+1) is a partial homomorphism there is
(en, 1Bn+1 ◦ ιn) making the diagram of (2) above commute by the universal property of the pure injective
hull, Fact 4.1.(2). Moreover, en is a pure monomorphism because the composition 1Bn+1

◦ ιn is a partial
pure monomorphism.

Consider the directed system ({H(M,Bn)}n∈N, {en,m : H(M,Bn) → H(M,Bm) | n ≤ m}) where
en,m = 1H(M,Bn) if m = n and en,m = em−1 ◦ · · · ◦ en if m > n. Let (L, {`n}n∈N) be the directed limit. It is
known that for every n ∈ N, `n : H(M,Bn)→ L is a pure monomorphism and that L =

⋃
n∈N `n[H(M,Bn)].

Let h : M → L be given by h(b) = `n(b) if b ∈ Bn. Using the commutativity of the diagram of (2), it is
easy to show that h is a well-defined monomorphism. Moreover, since the `n maps are pure monomorphisms,
it follows that h is a pure monomorphism.

Let us show that h is essential. Let g : (L,L) → (N,C) be a partial homomorphism such that g ◦ h :
(M,M)→ (N,C) is a partial pure monomorphism. Using that (H(M,Bn), Bn)→1Bn

(H(M,Bn), H(M,Bn))
is essential and that h(b) = `n(b) for b ∈ Bn, it is easy to show that g ◦ `n : (H(M,Bn), H(M,Bn))→ (N,C)
is a partial pure monomorphism. Since L =

⋃
n∈N `n[H(M,Bn)], it follows that g is a partial pure monomor-

phism. Hence h is essential.
Therefore, the embedding h : M → L is elementary by Proposition 4.4.
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To see that the limit L is a direct sum of indecomposable pure injective p-groups, let H ′n = `n[H(M,Bn)].
For every n, there is a decomposition H ′n+1 = H ′n ⊕ Ln+1, where Ln+1 is a Σ-pure injective as H ′n+1 is
Σ-pure injective by Theorem 4.6. Then it follows from L =

⋃
n∈N `n[H ′n] that

L = H ′0 ⊕
∞⊕
n=1

Ln

H ′0 is a direct sum of Z(pn) with n ∈ Z>0 ∪ {∞} by Theorem 4.6 and Li is a direct sum of Z(pn), with
n ∈ Z>0 ∪ {∞} because Li is a Σ-pure injective and hence a direct sum of indecomposable pure injective
p-groups. Since L is countable we only use countably many direct summands. �

We are now ready to present the main result of the paper.

Theorem 4.8.
⊕∞

n=1 Z(pn)(ℵ0) ⊕ Z(p∞)(ℵ0) is a countable universal p-group for purity.

Proof. Let M be a countable p-group. Then M is a pure subgroup of a countable direct sum of groups of the
form Z(pn) for n ∈ Z>0 ∪ {∞} by Lemma 4.7. Hence a pure subgroup of

⊕∞
n=1 Z(pn)(ℵ0) ⊕ Z(p∞)(ℵ0). �

Observe that Lemma 4.7 can be used to obtain the following stronger result.

Lemma 4.9. Every countable p-group can be elementarily embedded into a direct summand of
⊕∞

n=1 Z(pn)(ℵ0)⊕
Z(p∞)(ℵ0).

The following result follows directly from the above theorem and the fact that every torsion group can be
decompose into the direct sum of its p-subgroups.

Corollary 4.10.
⊕

p prime

(⊕∞
n=1 Z(pn)(ℵ0) ⊕ Z(p∞)(ℵ0)

)
is a countable universal torsion group for purity.

The existence of a universal countable torsion abelian group for purity dispels the misconception aired
in [Sh21, p. 297] that a pure monomorphism of torsion abelian groups necessarily preserves the reduced
part. The following example provides a concrete illustration of how this may fail to be the case.

Example 4.11. Let Hω+1 be the generalized Prüfer group generated by {an : n < ω} subject to pa0 = 0
and pnan = a0 for n ≥ 1. Let G =

⊕∞
n=1 Z(pn) ⊕ Z(p∞) where Z(p∞) is generated by {bn : n < ω}

subject to pb0 = 0 and pbn+1 = bn for n ≥ 0. If φ : Hω+1 → G is given by a0 7→ (0, · · · , b0) and
an 7→ (0, · · · , 0, 1, 0, · · · , bn) for n ≥ 1 where the 1 is in the nth-entry of

⊕∞
n=1 Z(pn), then φ is a pure

monomorphism such that the image of the reduced part of Hω+1 is not contained in the reduced part of G.

Proof sketch. That the image of the reduced part of Hω+1 is not contained in the reduced part of G is clear
as Hω+1 is reduced and φ(a0) ∈ Z(p∞).

It is easy to see that φ is a monomorphism so we show it is pure. Assume thatG � pk|(n1, · · · , nm, 0, · · · , n0b0+
· · · + nmbm) for n0, · · · , nm ∈ Z and k ≥ 1. By switching n0 for some n∗ we may assume that 0 ≤ ni < pi

for every 1 ≤ i ≤ m. For every 1 ≤ i ≤ m, since pk|ni (mod pi) and 0 ≤ ni < pi, it follows that there is
ri ∈ N such that pkri = ni.

Let y = (r1, 0, · · · , r1b1)+(0, r2, 0, · · · , r2b2)+ · · · (0, · · · , 0, rm, 0, · · · , rmbm)+(0, · · · , 0, n∗, 0, · · · , n∗bk) ∈
φ[Hω+1] where n∗ is in the kth-entry of

⊕∞
n=1 Z(pn). It is easy to show thatG � pky = (n1, · · · , nm, 0, · · · , n∗b0+

· · ·+ nmbm) using that pkbk = b0. Therefore, φ is a pure monomorphism. �

5. ℵ0-strongly homogeneous p-groups

In this section we introduce the model theoretic concept of ℵ0-strongly homogeneity for abelian p-groups.
We use Theorem 4.6 to explicitly describe many ℵ0-strongly homogeneous p-groups and to show that the
universal model considered in the previous section is ℵ0-strongly homogeneous. Moreover, we give a complete
characterization of the countable ℵ0-strongly homogeneous p-groups. We finish by showing the relation
between ℵ0-strongly homogeneous p-groups and transitive p-groups.

Definition 5.1. A p-group M is ℵ0-strongly homogeneous if every partial pure isomorphism f0 : (M,B)→
(M,B′) for B,B′ finite subgroups of M extends to an automorphism (f, f0) : (M,B)→ (M,B′).

Also called ℵ0-sequentially strongly homogeneous in the model theory literature.
This definition is equivalent to the standard definition of an ℵ0-strongly homogeneous model by pp-quantifier elimination

and the fact that every finite subset generates a finite subgroup in a p-group.
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The weaker notion of ℵ0-homogeneity, which is equivalent to ℵ0-strongly homogeneity for countable
groups, has been studied in some classes of torsion-free groups in [KaKh97]. Their methods and results
are very different to the ones presented in this section.

Using Theorem 4.6 we show that there are many ℵ0-strongly homogeneous p-groups.

Lemma 5.2. If {Mi | i ∈ I} is a set of indecomposable pure injective p-groups, then the direct sum
M =

⊕
i∈I Mi is ℵ0-strongly homogeneous.

Proof. Let B, B′ ≤ M be finite subgroups of parameters and f0 : (M,B) → (M,B′) be a partial pure
isomorphism. Since B,B′ are finite, There is a finite set I0 ⊆ I, such that B,B′ ≤ MI0 =

⊕
i∈I0 Mi. The

group MI0 is Σ-pure injective, because it is a finite direct sum of Σ-pure injective groups. So there are L,L′

Σ-pure injectives such that:

HMI0 (B)⊕ L ∼= HMI0 (B′)⊕ L′,
MI0 = HMI0 (B)⊕L, MI0 = HMI0 (B′)⊕L′, and the isomorphism extends f1 : HMI0 (B) ∼= HMI0 (B′) with

f1(b) = f0(b) for every b ∈ B which exists because f0 : (MI0 , B)→ (MI0 , B
′) is a partial pure isomorphism.

Since L,L′ are Σ-pure injectives, they are a direct sum of indecomposable pure injective groups by [Gar80,
Lemma 1]. Hence HMI0 (B) ⊕ L,HMI0 (B′) ⊕ L′ are a direct sum of indecomposable pure injective groups.
Then by the Krull-Schmidt-Remak-Azumaya Theorem (see for example [Fac98, 2.13]) the decomposition is
unique and since HMI0 (B), HMI0 (B′) are isomorphic and the direct sum of finitely many indecomposable
pure injectives by Theorem 4.6, there is g : L ∼= L′.

Let h := 1⊕
i/∈I0

Mi
:
⊕

i/∈I0 Mi
∼=
⊕

i/∈I0 Mi. It is clear that (f1 ⊕ g ⊕ h, f0) : (M,B) → (M,B′) is as

required. �

One could use [Gar80, Theorem 5], [PiPr87, 4.3] instead of Theorem 4.6 to prove the above result, but
those results use some deep results of the model theory of modules which we avoid by using Theorem 4.6.

We get that the universal model of Theorem 4.8 is ℵ0-strongly homogeneous as Z(pn) is an indecomposable
pure injective p-group for every n ∈ Z>0 ∪ {∞}.

Corollary 5.3.
⊕∞

n=1 Z(pn)(ℵ0) ⊕ Z(p∞)(ℵ0) is ℵ0-strongly homogeneous.

Moreover, we get the following straightforward corollary which we will extend to arbitrary cardinals in
Corollary 5.13.

Corollary 5.4. There are 2ℵ0 countable ℵ0-strongly homogeneous p-groups.

The next couple of results completely characterize countable ℵ0-strongly homogeneous p-groups. Before
presenting our results, we recall a few notions from abelian group theory which will play a key role in our
results. Let M be a p-group. For α an ordinal pα+1M = p(pαM) and for α a limit ordinal pαM =

⋂
β<α p

βM .

It is clear that if f is an automorphims of M and α is an ordinal, then a ∈ pαM if and only if f(a) ∈ pαM .
For n ∈ M , the height of n in M , denoted by hM (n), is the ordinal α such that n ∈ pαM\pα+1M or β
if n 6= 0, n ∈ pαM for every ordinal α and β is the minimum ordinal such that pβM = pβ+γM for every
ordinal γ or ∞ if n = 0. The Ulm sequence of n in M , denoted by UM (n), is UM (n) = (α1, α2, · · · ) such
that αi is the height of pin in M .

Let f0 : (M,B) → (M,B′) be a partial pure isomorphism, f0 is height-preserving if for every b ∈ B,
hM (b) = hM (f0(b)). A group M is reduced if it does not have a non-trivial divisible subgroup. We will use
the following result frequently.

Fact 5.5 ([Kap54, Exercise 38, Theorem 14]). Assume M is a countable reduced p-group. If B,B′ are finite
subgroups of M and f0 : (M,B)→ (M,B′) is a height-preserving partial pure isomorphism, then there exists
an automorphism f of M such that (f, f0) : (M,B)→ (M,B′).

We begin by characterizing the non-reduced ℵ0-strongly homogeneous p-groups.

Proposition 5.6. Assume M is a countable p-group that is not reduced. The following are equivalent.

(1) M is ℵ0-strongly homogeneous.
(2) pω(M/D) = 0 where D is the maximal divisible subgroup of M
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(3) M is isomorphic to
⊕∞

n=1 Z(pn)(αn)⊕Z(p∞)(α∞) such that αn is countable (possibly finite) for every
n ∈ Z>0 ∪ {∞}.

Proof. (2) implies (3) follows from [Fuc15, §3.5.3] and it is in this step that we use that M is countable, and
(3) to (1) follows from Lemma 5.2. So we only show (1) implies (2).

Assume for the sake of contradiction that pω(M/D) 6= 0. Since D is divisible there is R reduced such
that M = D ⊕ R and R is isomorphic to M/D. So pick a 6= 0 ∈ pωR. Since R is reduced and a direct
summand of M , there is an ordinal α such that a /∈ pαM . Let b ∈ D such that the order of b is equal to
the order of a, this is possible as Z(p∞) has elements of all possible pn orders and G is not reduced. Let
f0 : (M, 〈a〉)→ (M, 〈b〉) be given by f(a) = b. Since a, b have the same order and are in pωM , it follows from
Equation 2 that f0 : (M, 〈a〉) → (M, 〈b〉) is a partial pure isomorphism. Then there is an automorphism
(f, f0) : (M, 〈a〉) → (M, 〈b〉). This contradicts the fact that a /∈ pαM and f(a) = b ∈ pαM . Therefore,
pω(M/D) = 0 �

Remark 5.7. (1) implies (2) is true for arbitrary cardinals.

Let M be a p-group and α be an ordinal. We will denote by pαM [p] the elements of pαM annihilated
by p. The α-th Ulm invariant of M is the dimension of pαM [p]/pα+1M [p] as a vector space over the field
of size p. Ulm’s Theorem (see for example [Kap54, §11]) asserts that two reduced countable p-groups are
isomorphic if and only if they have the same Ulm invariants. Making of the Ulm invariants a complete set
of invariants for countable p-groups. The following result completely characterizes countable ℵ0-strongly
homogeneous reduced p-group by determining the possible Ulm invariants.

Lemma 5.8. Assume M is a countable reduced p-group. The following are equivalent.

(1) M is ℵ0-strongly homogeneous.
(2) One of the following hold.

(a) pωM = 0. In this case, M is isomorphic to
⊕∞

n=1 Z(pn)(αn) such that αn is countable (possibly
finite) for every n ∈ N and all the infinite Ulm invariants are zero.

(b) There is an n ≥ 1 such that pω+nM = 0 and pωM [p] = pω+(n−1)M [p] 6= 0. In this case, there is
a unique n ∈ N such that the ω + (n− 1)-st Ulm invariant is not zero and all the other infinite
Ulm invariants are zero.

Proof. ⇒: If pωM = 0, M is isomorphic to
⊕∞

n=1 Z(pn)(αn) such that all the αn’s are countable (possibly
finite) by [Fuc15, §3.5.3].

Suppose that pωM 6= 0. We show first that there is n ≥ 1 such that pω+nM = 0.
Claim 1: There exists an n ≥ 1 such that pω+nM = 0.
Proof of Claim 1: Assume for the sake of contradiction that pω+nM 6= 0 for every n ≥ 1. Then it follows

that for every n there is a k > n such that pω+kM is properly contained in pω+nM , as otherwise pω+nM would
be a non-zero divisibe subgroup of M contradicting the fact that M is reduced. Therefore, there are n1, n2 ∈
N and a, b ∈M such that a ∈ pω+n1M\pω+n1+n2M and b ∈ pω+n1+n2M with the order of a equal to the order
of b. Since a, b have the same order and are in pωM , it follows from Equation 2 that f0 : (M, 〈a〉)→ (M, 〈b〉)
with f(a) = b is a partial pure isomorphism. Then there is an automorphism (f, f0) : (M, 〈a〉) → (M, 〈b〉).
This contradicts the fact that a /∈ pω+n1+n2M and f(a) = b ∈ pω+n1+n2M .†Claim 1

Let n be the minimum n ≥ 1 such that pω+nM = 0. We show that pωM [p] = pω+(n−1)M [p] 6= 0.
It is clear that they are both different from zero, so it is enough to show that pωM [p] = pω+(n−1)M [p].
Assume for the sake of contradiction that this is not the case, then there is a ∈ pωM [p]\pω+(n−1)M [p]. Let
b 6= 0 ∈ pω+(n−1)M [p]. Since a and b have order p and are in pωM a similar argument to that of Claim 1
can be used to obtain a contradiction.
⇐: Let B, B′ ≤ M be finite subgroups of parameters and f0 : (M,B) → (M,B′) be a partial pure

isomorphism. If pωM = 0, it follows that f0 is height-preserving. Then there is an automorphism
(f, f0) : (M,B)→ (M,B′) by Fact 5.5.

So assume that pωM 6= 0, then there is n ≥ 1 such that pω+nM = 0 and

(5) pωM [p] = pω+(n−1)M [p] 6= 0

The next claim will be the key step of the proof.
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Claim 2: For every k ∈ N, for every a, b ∈ pωM , if the order of a is pk and g : (M, 〈a〉) → (M, 〈b〉) with
g(a) = b is a partial pure isomorphism, then UM (a) = UM (b).

Proof of Claim 2: We do the proof by induction on k.
If k = 1, then hM (a) = ω + (n − 1) = hM (b) by Equation 5 as a, b ∈ pωM [p]. Clearly UM (a) = UM (b)

since a, b have order p.
We do the induction step, let k > 1. Observe that g∗ : (M, 〈pa〉)→ (M, 〈pb〉) with g∗(pa) = pb is a partial

pure isomorphism as g is a partial pure isomorphism, so by induction hypothesis UM (pa) = UM (pb). To
finish, it is enough to show that hM (a) = hM (b). Assume for the sake of contradiction that hM (a) 6= hM (b).
We may assume without loss of generality that hM (a) < hM (b) ≤ ω + (n− 1).

Since M is countable and UM (pa) = UM (pb), there is g∗∗ an automorphism of M such that g∗∗(pa) = pb
by [Kap54, Theorem 24]. Then p(g∗∗(a)− b) = 0 and g∗∗(a)− b ∈ pωM [p] so hM (g∗∗(a)− b) ≥ ω + (n− 1)
by Equation 5. On the other hand, hM (g∗∗(a) − b) = min{hM (a), hM (b)} < ω + (n − 1) by [Kap54, §18],
which is clearly a contradiction.†Claim 2

It follows from Claim 2 that f0 is height-preserving. Then there is an automorphism (f, f0) : (M,B) →
(M,B′) by Fact 5.5. �

Remark 5.9. (1) implies (2) is true for arbitrary cardinals. We will show in Proposition 5.12 that if Case
(a) holds then M is ℵ0-strongly homogeneous for arbitrary cardinals.

It follows from Lemma 5.8 that Hω+1 (defined in Example 4.11) is an ℵ0-strongly homogeneous p-group
with pωHω+1 6= 0. Hω+1 is not a direct sum of indecomposable pure injective p-groups and exemplifies that
Case (b) of Lemma 5.8 can occur.

The next result puts together Proposition 5.6 and Lemma 5.8 and completely characterizes countable
ℵ0-strongly homogeneous p-groups.

Theorem 5.10. Assume M is a countable p-group. The following are equivalent.

(1) M is ℵ0-strongly homogeneous.
(2) One of the following holds.

(a) M is isomorphic to
⊕∞

n=1 Z(pn)(αn) ⊕Z(p∞)(α∞) such that αi is countable (possibly finite) for
every n ∈ Z>0 ∪ {∞}.

(b) There is an n ≥ 1 such that pω+nM = 0 and pωM [p] = pω+(n−1)M [p] 6= 0.

We use our results to bound the number of non-isomorphic countable ℵ0-strongly homogeneous p-groups
for a complete first-order theory. The result shows that the main result of [Lo83] can be extended to a
non-elementary setting. We will use frequently that saying that the n-th Ulm invariant is of some finite size
or ω is expressible in first-order logic for n ∈ N.

Lemma 5.11. If T is a complete first-order theory, then there are at most countably many non-isomorphic
countable ℵ0-strongly homogeneous p-groups

Proof. We first bound the number of models of T satisfying condition (a) of Theorem 5.10. Every such
group is of the form

⊕∞
n=1 Z(pn)(αn) ⊕ Z(p∞)(α∞) such that αn is countable (possibly finite) for every

n ∈ Z>0 ∪ {∞}. The (n − 1)-th Ulm invariant determines the αn for n ∈ Z>0 and these are determined
by the first-order theory. Therefore there is only one choice: the value of α∞. Hence there are at most
countably many ℵ0-strongly homogeneous p-groups satisfying condition (a).

We bound the number of models of T satisfying condition (b) of Theorem 5.10. Every such group is
determined by the finite Ulm invariants, the n such that pω+nM = 0 and the dimension of the ω+ (n− 1)-st
Ulm invariant. Since the finite Ulm invariants are determined by the first-order theory and the other two
choices have countably many options, there are at most countably many ℵ0-strongly homogeneous p-groups
satisfying condition (b). �

We turn to uncountable cardinals. The next result due to Baer, which can be found in [Fuc15, §10.1.3],
will be useful. If M is a reduced p-group and pωM = 0, then for every a ∈ M there is Ma a finite direct
summand of M such that a ∈Ma.

Proposition 5.12. Assume M is a reduced p-group. If pωM = 0, then M is ℵ0-strongly homogeneous.
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Proof. Let B, B′ ≤ M be finite subgroups of parameters and f0 : (M,B) → (M,B′) be a partial pure
isomorphism.

Claim: If C is a finite subset of M , then there is N a finite direct summand of M such that C ⊆ N .
Proof of Claim: We do the case when C = {d, e} as the general case is similar. Applying the result

mentioned before the proposition there are N1, L1 such that d ∈ N1, N1 is finite and M = N1 ⊕ L1. Then
e = e1 + e2 for e1 ∈ N1 and e2 ∈ L1. It is clear that pωL1 = 0, so applying the result mentioned before
the proposition a second time there are N2, L2 such that e2 ∈ N2, N2 is finite, and L1 = N2 ⊕ L2. It is
straightforward to see that N = N1 ⊕N2 is as needed.†Claim

Using the above claim we obtain N,L such that B ∪ B′ ⊆ N , N is finite and M = N ⊕ L. Since N
is a direct summand of M , f0 : (N,B) → (N,B′) is a partial pure isomorphism and pωN = 0. Since N is
countable there is an automorphism (f, f0) : (N,B) → (N,B′) by Lemma 5.8. Let h := 1L : L ∼= L. It is
clear that (f ⊕ h, f0) : (M,B)→ (M,B′) is as required. �

We extend Corollary 5.4.

Corollary 5.13. There are 2λ non-isomorphic ℵ0-strongly homogeneous p-groups of cardinality λ.

Proof. It follows from Proposition 5.12 that every reduced p-group without elements of infinite height is
ℵ0-strongly homogeneous. Then the result follows from [Sh74, §1]. �

We use a similar idea to that of Theorem 4.8 to show that every p-group is a pure subgroup of a ℵ0-strongly
homogeneous p-group

Lemma 5.14. Every p-group is a pure subgroup of an ℵ0-strongly homogeneous p-group.

Proof. Let M be a p-group and λ ≥ |M | be such that λℵ0 = λ. Let T = Th(
⊕∞

n=1 Z(pn)(ℵ0) ⊕ Z(p∞)(ℵ0)),
then T is λ-stable by [Zie84, 2.1]. Let N be a saturated model of T , this exist by [Sh:a, Theorem III.3.12].
Let U = tp(N), it is easy to show that U is of cardinality λ and that U is ℵ0-strongly homogeneous. Then
doing a similar argument to that of Theorem 4.8 one can show that there is a pure monomorphism from M
into U . �

We finish the paper by showing how ℵ0-strongly homogeneous p-groups relate to the classical notion
of a transitive group of Kaplansky [Kap54, §18]. A p-group M is transitive if for every n1, n2 ∈ M , if
UM (n1) = UM (n2) then there is f an automorphism of M sending n1 to n2.

Proposition 5.15. If M is ℵ0-strongly homogeneous p-group, then M is transitive.

Proof. Let n1, n2 ∈ M and UM (n1) = UM (n2). It is clear that f0 : (M, 〈n1〉)→ (M, 〈n2〉) sending n1 to n2
is a partial pure isomorphism by Equation 2. Then there is f an automorphism of M sending n1 to n2. �

The converse of the above result fails.

Example 5.16. Let M = Hω+1 ⊕Z(p∞). Since M is countable, M is transitive by [Kap54, §18]. M is not
ℵ0-strongly homogeneous by Proposition 5.6.

Observe that the previous example also shows that ℵ0-strongly homogeneous p-groups are not closed
under direct sums as both Hω+1 and Z(p∞) are ℵ0-strongly homogeneous.

The next result, which extends [CaGo96, 2.2], follows from Proposition 5.15 and Lemma 5.14.

Corollary 5.17. Every p-group is a pure subgroup of a transitive p-group.
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