Math 6230: Spring 2020

1 The Rank Theorem

Theorem 1.1. Let M, N be smooth manifolds such that dim M = m,dim N = n, and let
F: M — N be a smooth map with constant rank r. For each p € U, there exists a chart
(U, ) centered at p, and a chart (V,) centered at F(p), with F(U) C V such that

F', .. 2" 2™ a™) =goFop Yzt ... 2" 2™ 2™) = (},...,2",0,...,0).

The proof of the theorem is based on the following lemmas and a result in the Euclidean
setting.

Lemma 1.2 (Prop. B.25 in Lee). Suppose A is an m x n matriz. Then rankA > k if and
only if some k x k submatriz of A is nonsingular.

Lemma 1.3 (Prob. B.28 in Lee). Let X be an (m + k) x (m + k) block matriz, given by
A B
0C|’

where A ism x m, Bism x k, and C is a k X k matriz. Then
det X = det Adet C.

Lemma 1.4. Let F : M — N be a smooth math with rank k, and let ¢ : M — M be a
diffeomorphism. Then F o ¢ has rank k.

Proof. Follows from Exercise B.22 in Lee. O

Theorem 1.5 (Euclidean Rank Theorem). Suppose U C R™, V C R™, U,V are open. Let
F:U—=YV,

be smooth and have a constant rank r. For all p € U, there exists a chart (Uy,p) centered
at p (¢(p) = 0), and a chart (Vy, ) centered at F(p), with Uy C U and F(Uy) C Vo C V
such that

F(ajl,...,xr,xrﬂ,...xm) =toFop (. .. 2", 2™ 2™ = (z',...,2",0,...,0).

Outline of the proof of Theorem 1.5
e Step 1: Set-up

e Step 2: Defining ¢ and applying the inverse function theorem.
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e Step 3: Examining o= and Fop .

e Step 4: Finding 1.
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