Example functions problems (Katherine E. Stange, Math 2001, CU Boulder)

1. For each of the following functions, give the various items requested. You may need to use set builder notation.

(a) f:7Z — Z given by f(x) = 2(x +1).
e Domain: Z
e Codomain: Z
e Range: 27 (even mdegers)
e f({-10,10}): g 2(to+, 2C0+ N =3-18 ,1_173
o f7({4,5,6}): $1,2%  smee HO=4, Hny=C
(b) g:R — R given by f(x) = e*.
e Domain: R
Codomain: R
Range: (0, °®)
9([0,2]):  [e°er)=Lhe"]
9 Y (le,e?]):  [,2]
(¢) f:Z — Z given by f(x) =322 — 1.
e Domain: 2.
e Codomain: Z_
e Range: § 3 -1 erE‘;i—-k,Z,Ll)_”'&
o L2 12,u%
o f_l({3,4,5}): ¢ (n.o xed a?\rzs ?)7;1'—‘(231"(‘,,,—5)
(d) ¢g:R — R given by f(z) = sin(z).
e Domain: R .
e Codomain: R ]
e Range: [-[,!] ‘

g((0.7/2]): [0,1]
g_l({ﬂ'})i [Fg] (wo 2 has sMGO =T becawsze 'n‘ﬁé mr\)

2. For each of the following functions, determine if it is injective, surjective or bijective.

(a) f:Z — Z given by f(x) = Tx.
e Injective? @/ NO

e Surjective? YES /3 [#7* Sor any
e Bijective? YES /(NO
(b) g:R — [-1,1] given by f(z) = sin(x).
e Injective? YES /
e Surjective? / NO codowmam = L-(, 1] = vange
e Bijective? YES /
(¢) h:ZXxZ — Z given by f((z,y)) =z +y.
e Injective? YES / FON= £ =2
. Surjective?@/ NO F (w0 =% Lo any »eZ
e Bijective? YES
(d) Let X ={a,b,c}. Let k: 2(X) —» P(X) given by k&(Y) = X — Y (that’s a ‘set minus’ symbol).

. Injective?@/ NO > 1abe}
. Surjective?/ NO fad —— fbick
. Bijective?/ NO eke.

(e) ‘F: {a,b,¢} = {w,z,y, 2z} given by f(a) =w, f(b) =z and f(c) =y.
o Injective? @/ NO

e Surjective? YES / Mmisses K
e Bijective? YES /[ NO



(f) f:Z — Z given by f(x) =3z —1.

e Injective? @/ NO
e Surjective? YES / doesict bk O for e %6"«7‘17.

e Bijective? YES /
(g) 9: R — R given by f(z) = sin(z).

o Injective? YES /(NQ
e Surjective? YES /
e Bijective? YES / (
(h) h:Z xZ — 7Z x Z given by f((z,y)) = (y,x).
e Injective?(YES)/ NO
o Surjective? / NO
e Bijective? / NO
(i) Let X = {a,b,c}. Let k : P (X) — £(X) given by k&(Y) =Y U {a}.
o Injective? YES /(NO l($a3) = k(gH= {al.
e Surjective? YES / o—w(na hits seds cowhenr e
e Bijective? YES /(NO)
() #: {a.b.c} = {y. 2} given by f(a) =y, (b) = = and f(c) =

Y
e Injective? YES / W

e Surjective?

e Bijective? YES /.

. If a function f is injective, does that imply f is bijective? Why/why not?

(lg_ £.: A-=BR uwhave [A\—[B "H'\M\yM>

’Bw&- n %anﬂ»rwo- not . "F-o(‘ Q.MW-)(G é sicchie buk ot
S HSu.rAcc)nVQ_

. Give an example of a function f : Z — Z which is surjective but not injective.

- | X Lol oeven Yo H2D=4GD=|
“;' (%) L J i 7‘-—7 .\—g_ W = O M { neot M\‘\e,é-\bt)

Hvof' Lusmcdron bk (2= % Lo~atl x

. o . o (swidechie)
. Let A be a finite set. If a function f: A — A is injective, does that imply f is bijective?

\/CS, ice c{owo;/\. »B codomain owe. TC{\M'J{) Sawme Si2e .

. Give an example of a function f : Z — R which is injective but not surjective.
4—(13 =N \-g— S’(W-) = J’(lj ) Hazen ')(_—_—,% y $° \Sc,c:\'\\le
But no el has 50 =T So wot Quza'je_c‘-(\/g_

. If a function f :Z — Z is surjective, does that imply f is bijective? Why/why not?

No. See w"‘T’Q"‘ showe  (#4)
T sek Z s wot Smnde



8. In the following problems, provide the composition or inverse requested if it exists; if not, then state "not defined”.
Pay attention to domains and codomains!

(a) Let f: R — R be given by f(z) = |z| and g : Z — R be given by g(z) = = + 3.
e gof: ‘)'e,cLLVLTC.ﬂu% not &A(l"‘&oQ CK#’ZS
e fog  fog(xy= lxss]

o /7 not defimed ( F 05 not mMirdhve)
e gl not Ml\'\m«l ( 4 s not swréc,d-\\ﬂ.s
(b) Let f:Z x Z — Z by given by f((z,y)) =z +y and g : Z — Z be given by g(z) = 22.
*gof: of (e = L><_+5)7-
* foyg not defoed  (Z # ZxZD
hd f_15 not AA.&VW-A (-S‘— wot l\'ﬂf_op\-\rt\
o g not &6!\&4 (3 wot M&aoh\rt}
(c) Let f:Z — Z be given by f(x) =3z and ¢ : Z — Z be given by g(z) = = + 10.
e gof: of (%) = 2o+ 10
* foy: -;"’8—(“—3 =3(%+\0)
i f_1: no¥ MM (—;:- wot SMSQJ-\\/Q,>
o g %/‘ (Y = w—10

(d) Let X = {1,2,3}. Let f : #(X) — Z be given by f(A) = |A| and g : Z — R be given by g(z) = x2.
e gof: %o‘ﬁ(AB: \A\’L

* foyg not defed (R ZE (X))
d f_1: not Aﬁ»{)l\'\ﬂ-& ( -S'-— vuo'l‘ (\/L\Se_d{ﬂ\/e o SWPGCO(-L\&B
° g*l; nol- (La»bt\nﬂ-c\ Lé— not suu(\&zo%-l\/ﬁ o~ l"‘{\“—o&%\r&>

9. For the following functions, determine which compositions are defined, and for each composition that is defined,
determine the composition.

| f@) %8080
fruzay o ey 5| Yl

g()

g:{a,b} —{1,2} 1 e -;'DLL('“)
2
a
ZC TN N
h:f{a,bc) — {1,2,3} } S
3

10. For each of the following functions, determine if it has an inverse and what the inverse should be. If it has no
inverse, explain why. If you give an inverse, prove it (meaning, compute the composition in both orders and check

it is the identity). } ) . ’3:("‘?(10 ;m —x
(a) f:R — R given by f(z) = 2% + 1. 4 ‘—lK—%n{)-?— (B)'—'—J — I 'S'°'g'_\(85: (t@\—?a—[—_y_

(b) f:R — R given by f(z) = 1. no mverse (£ 5 woh Mscdﬂ\&
o~ Swded—\\/t)

T o8

o T o8

7 | g(x)
(¢) g:{a,b,c} — {1,2,3} given by b 1 no teArse (_g/ T wot .\r\\e,u‘-\ve o Sw&-@.&-&\&}
c 3
EANIC) x | 3 0L
(d) g:{a,b,c} — {1,2,3} given by E zl)) 7£ é‘:
c| 2 > b




11.

12.

13.

14.

15.

16.

17.

18.

19.

Let A and B be finite sets, and suppose f: A — B.
Fill in the table with P (possible) and I (impossible).

|Al=[B| | |Al>|B] | |A| <|B|
bijective P - T
surjective, not injective — i o
injective, not surjective 4 - P
neither injective nor surjective P P i

Let f: R — R be given by f(z) = 23. Find a function g : R — R such that g o f(z) = 2°.

é(’d = x(l

Let f:Z — Z be given by f(x) =+ 1. Find a function g : Z — Z such that go f(z) =2 + 3.

é(wJ:V-—Pl

Let f: R — R be given by f(x) = 23. Find a function g : R — R such that g o f(z) = 7a3.

3(1) = ?){_

Suppose f: A — B is bijective. Does f have an inverse?

\/e,s. A jcuMd—zM e B‘GQULWQ Ig‘r cnd

i has o mverce.

State the pigeonhole principle.

Verston 1t Lok £14 2B he Verston Z:  Suppose Hert axe n pigesns a=d ko hobs,
md{n«_ Sugpose A8 ISl PW e ?[a_C‘QA M helos and U\>l<}

ove $nide with 1A]> B
Than Q— o) ot M\‘\e,o’-\\zﬁ.

State the definition of injectivity.
Lb 1 A0B. Tun b o1 mpeckee i Jor ol e an €A,
i oo # &z | e D *+ Llaz).
’<Me>~L<;- eros\‘km e ol doo. >

State the definition of surjectivity.

)/9-'\‘ ’S’A“"E T(MW\'(,—TS $U«|\&&(J"\\"€ (g\‘ ’Q'O(‘ all \oG:EJ
%Q.N 6}43'}'3 an aéA such ‘)’&a+ 4:{4>7—L>.

Hon gome hole gondeins awore Hhaw one Phgesn.

Given two sets of equal cardinality |A| = |B| = n. N Each d w ol L) n chotey

(a) How many functions are there f: A — B? L Thae are n domatn elewsadts.
(b) How many of these are bijective? nl A biredton ordoss the elopnsusts &) B to
\)

(¢) Can you construct one which is injective but not bijective?

No. Sihce [A[=R) andt the sets ame -C(\Abl—QJ
\\ﬂ-—(;(-(\r}'{wj o suw\seu‘-\\j,',fa \\M,ph\cs \06%&1\}\-18 i



