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Practice makes perfect! Here are some basic items to practice proving, based on our
course. Writing is half of what makes a proof a proof, so write well.
1. Prove that if a; = az (mod n) and b; = by (mod n), then a; + b; = az + ba (mod n)
(this is a fact we’ve been using all along).

Theorem 1. Suppose that a1, az,b1,ba,n € Z, and that a; = az (mod n) and by = b
(mod n). Then a1 + by = az + bz (mod n).

Proof. Suppose that a1, as,b1,bs,n € Z, and that

a1 =ay (mod n),
by = by (mod n).

Then, by definition, n | (a1 — ag) and n | (by — be). This implies that there are some
integers k£ and ¢ such that

a1 — ag = kn,
by — by = In.

We wish to consider the difference

(a1 + bl) — ((12 + bz) = (a1 — CLQ) + (bl — bg)
=kn+{n
= (k+{)n.

Since this difference is a multiple of n, we have shown that
n | (a1 +b1) — (a2 + ba),

or, in other words, that a; + b1 = ag + b2 (mod n). O



2. Let x be an element of Z/nZ. Suppose that x has multiplicative order k. Prove that
k divides ¢(n). (Hint: this is actually a more general group theory statement: if an
element of a group has order k, then k divides the order of the group.)

Theorem 2. Suppose that x € Z/nZ has multiplicative order k. Then k | ¢(n).

Proof. Suppose that x € Z/nZ has multiplicative order k. Then, by this fact and by
Euler’s Theorem, we have two facts:

z¥=1 (mod n)
2% =1 (mod n).

This implies that
gk Hbe(n) = 191 =1 (mod n)

for any a,b € Z. In particular,
28¢4k0(M) =1 (mod n).

But, by definition k is the smallest positive integer such that ¥ = 1 (mod n), so
that k£ < ged(k, ¢(n)). But then (since k > ged(k, ¢(n)) by the definition of ged), we
conclude k = ged(k, ¢(n)). Therefore k | ¢p(n). O



3. An element z of Z/nZ which is non-zero but satisfies zy = 0 (mod n) for some non-
zero y is called a zero divisor. Prove that Z/nZ has zero divisors if and only if n is
composite.

Theorem 3. The group Z/nZ has zero divisors if and only if n is composite.

Proof. Suppose that Z/nZ has a zero divisor. Then there exists z,y € Z/nZ, such
that z,y Z 0 (mod n), but such that xy = 0 (mod n). Then n | zy. If n were prime,
then this would imply n | x or n | y, which is a contradiction. So n is composite.

For the converse, suppose that n is composite. Then we may write n = ab for some
1 < a,b,< n. In particular, a,b # 0 (mod n), but ab = 0 (mod n), i.e. we have
located zero divisors in Z/nZ. O



4. Suppose Z/nZ has a primitive root. A primitive root is an element which has mul-
tiplicative order ¢(n) modulo n. Show that the function x — 2% on the invertible
elements of Z/nZ is bijective if and only if ged(a, ¢(n)) = 1.

Theorem 4. Suppose Z/nZ has a primitive root. Consider the function
fa: (Z/nZ)" — (Z/nZ)*, x+— z°.
Then f, is bijective if and only if ged(a, ¢(n)) = 1.

Proof. First, suppose that ged(a,¢(n)) = 1. Then a is invertible modulo ¢(n). In
particular, for invertible x, we can compute, using the fact that 2™ =1 (mod n),
that
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z (mod n),

fa © fa*1 (.Z')
fa*1 o fa(fL’)
Therefore, f, is invertible.

For the converse, suppose that f, is bijective, and let ¢ = ged(a, d(n)). Then let
d = ¢(n)/g. Then, ¢p(n) = dg, so that
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z (mod n).

(D=1 (mod n)
for any invertible z. But by bijectivity of f,, this implies
=1 (mod n)

for any invertible z. Since d < ¢(n), this contradicts the existence of a primitive
root. O



