Formulary for elliptic divisibility sequences and elliptic nets
KATHERINE E. STANGE

ABSTRACT. Just the formulas. No warranty is expressed or implied. May cause side effects.
Not to be taken internally. Remove label before using. Not to be used as a flotation device.
May contain nuts. Please report any errors you may find.

Let E be the elliptic curve defined over the rationals with Weierstrass equation
y2 + ar1xy + asy = x4 a2:c2 + asx + ag.
As usual, let
by = a% + 4ay, by = 2a4 + aias,

2 2 2 2
bs = a5 + 4ag, bg = ajae + 4asas — arasas + asaz — ay.

1. RECURRENCE RELATION

These formulas hold for elliptic divisibility sequences and elliptic nets, according to whether
the indices are considered in Z or a larger free abelian group. See [5].

1.1. Definition. Definition 1.1 in [5].

(1) Wp+a+s)Wp—qW(r+s)Wi(r)
+Wig+r+s)W(g—r)W(p+s)W(p)
+W(r+p+s)W(r—pW(g+s)Wi(g) =0
1.2. Stephens form. Due to Nelson Stephens. Obtained from (1) by s < 2a, r < b — a,
pc—a, q+—d—a.
Wia+b)W (a—b W (c+d)W (c—d)
+Wa+c)W(a—c)W (d+b)W (d—b)
+Wia+d)Wa—-d)Wh+c)W(b—c)=0

1.3. Brown form. Due to Dan Brown; equation (3) in [1].

W (p) Wq) W (r) W (s)
_W(—p+q2+7‘+8>W<p—q;-7’+8)W(p+q;r+8)w<p+q—;—r—s)

_W(p+q;—r+s>w<p+q;r—s>W(p—q;—r—s)w(p—q;r—%s) _
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1.4. Ward’s elliptic divisibility sequences recurrence relation. Not sufficient for gen-
erating a net of higher rank. Equation (4.11) in [9]. Obtained from (1) by p < n, ¢ + m,
50, r <« 1.

Wn+m)Wn—-mW(1)? =Wn+1)Wn - 1DW(m)? —W(m+ DHW(m— 1)W(n)%
1.5. Miscellaneous special cases.
W(2n)W ()W (1) = W(n)(W(n+2)W(n —1)> = W(n — 2)W(n +1)?),
WeEn+ D)W ()P =W(hn+2)W(n)* —W(n—1)W(n+1)%

Wnm)W W (1)2 =W (22) (W (3 +2) W (32 = )" =W (32 = 2) W (32 +1)°),

2
W (nm)W ()W (1) = W (2052 1) wr (2 = 1) (ni=0)
2
W (—"(m;” + 1) W (—”W;*” - 1) W (—”“"2“)) .
1.6. Special cases for rank two nets. Theorem 2.5 in [5].

W1, —DW(1,1)* =W(0,1)*W(2,1) — W(1,0)*W(1,2).

The following formulas assume some terms near the origin are equal to one: W(1,0) =

W(0,1) =W (1,1) = 1. Equations (12)-(17) in [6].

W(2i —1,0) = W(i+1,0)0W (G —1,0)> = W (i — 2,0)W(i,0)%
W (2i,0)W(2,0) = W (i, 0)W (i + 2,0)W (i — 1,0)% — W(i,0)W (i — 2,0)W (i + 1,0)?,
We2k—1, 1)W1, =WE+1,10)W(k—1,1)W(k—1,0)* - W(k,0)W(k —2,0)W(k, 1),
W2k, 1) =Wk —-1,D)W(k+1,1)W(k,0)* =Wk —1,00W(k+1,00W(k,1)2
WEe2k+1,1)W(=1,1) =Wk -1, 1)W(k+1,1)W(k+1,0)* — W (k,0)W(k +2,0)W (k, 1),
W2k +2,1)W(2,-1) = W(k +1,0)W(k + 3,0)W(k,1)> = W(k — 1, )W (k + 1, )W (k +

2. CoMPLEX FuNCTION FORMULAS

2.1. Weierstrass o-function definition of net polynomials. See Definition 3.1 in [5].
For n =1 (sequences), see Theorem 12.1 in [9].

(1) n=1:
o(vz; A)
Q A — )
RRRTETY,
(2) n=2:
o(uz + vw; A)
Q“” ) ;A = 2 3 .
) (Z w ) O’(Z;A)u _“”O'(Z _|_w;A)uv0-(w;A)v —uv
(3) general n:
. A
Oy (z;A) = — o(viz1 + ...+ vz A)
HO’(ZZ‘;A)QUiQ_Z?:lUW H oz + Zj;A)v,-vj
i=1 1<i,j<n
i

2,0)%,



2.2. Complex function identities. See Lemmas 3.5 and 3.6 in [5]. For the first equation,
see also [2] or any book on elliptic functions.

o(z+w)o(z —w)

p(z) — p(w) = — o(z)20(w)?
olv-7) = plow-z) =~

¢(z +a) = ¢(a) = C(x +b) +((b) =

o(z+a+b)o(x)o(a—Db)
o(x +a)o(x+b)o(a)o(b)’
o2z +a+b)o(a)o(b)

C(x+a+b)—((xz+a)—((r+b)+((r) = o(x+a+b)o(x+a)o(x+b)o(x)

3. DIVISION AND NET POLYNOMIALS
3.1. Division polynomials. See [2], [3, p.80], [4, Exercise 3.7] or many other resources.
vy =1, Uy =2y + a1x + as,
Wy = 32 + by + 3by2? + 3bgx + bg,
Uy = 2y + a1z + a3)(22° + byx® + 5bya* 4 10bgx® + 10bg2? + (bobg — bybg)x + bybg — b3);

3.2. Net polynomials. See Proposition 3.8 in [5].

(1) for n = 2:
‘I’(l,—l) = T2 — T,
2
Uiop) = 20y + 75 — (yz y1> ~ ay <y2 yl) ¥ as,
To — X1 Ty — 1
o1y = (y1 +12)° — (201 + 2) (21 — 22) ;
(2) for n = 3:
N _ yi(we — x3) + ya(r3 — 1) + y3(21 — 72)
(1,1,1) =
(z1 — @2) (21 — @3) (72 — T3)
\IJ(—l,l,l) = y1(l’2 _ x?’) _ yziﬂf:& _xx)l) _ yg(a:l — xz) + ai1x1 + as,
2 — T3
—Yyi1(x9 — x3) + r3 —IT1) — T, —
V11 = G ) %;( & - )1) 2100 2) + a1z + as,
3— T
Wiy = —1(xg — x3) — ?(Ji(x:s ; 9)01) + y3(@1 — x2) + ayzs + as.
1— T2

4. FORMULAS RELATING CURVES AND NETS

4.1. Points in terms of division polynomials. See any of the resources in Section 3.1.
Define

¢m = I(P)\I/?n - \Ijm—&—l\Ijm—l;
Aywm = Uy 07| — ‘I’m—2\1131+1‘
3



Then

_ Gbm(P) wm(P)
[m]P— <\I/m(P)27 \I/m<P)3) )
- - St

4.2. Curves from sequences and nets, rank 1. For the case n = 1, the simplest formulas
are given in Theorem 4.5.3 in [8].

C:y* +axy + asy = ° + a2 + ayx + ag, P =(0,0),

where

_ W(4) + W(2)° - 2W(2)W(3)

W (2)2W (3)
b WRWE)?+ W(4) + W(2)° - W(2)W(3)
i W(2)3W (3)

as = W(Q), ay = 1, ag = 0

Morgan Ward had more complicated formulas for the usual g; and g4 giving an elliptic curve
(equations (13.6) and (13.7) of [9]):

go = W(Wfo + AW LW, — 16W2W3E + 6W, W2 — SWIWEW, + AW W2
2 3
+ 16Wo W3 + SWSWEWE+ W)
—1
g3 = W(W;’O + 6W Wy — 24W2W3 + 15WP W7 — 60W, " WEW, + 20W,° W,
2 3
+ 120W3 W9 — 36W*WiW 2 + 15W, W) — 4A8WIWIW, + 12W, W3W)
+ 6AWIWS + 6WIW + A8WIWISW2 + 12WEWEW + W)
o(u) = W(Wf + 2WIW, + AW W3 + W,0)
' (u) = =W,

For n = 2, see Proposition 6.4 and Remark 6.6 in [5].
(1) in rank n = 2:

C: y2 +ayxy +azy = 2 + agx? + asx + ag, P =(0,0), Py=(W(2,1)—-W(1,2),0),

where




(2) alternative in rank n = 2 and characteristic # 2:

C:y® 4+ arxy + asy = 2> + axx® + asx + ag, P = (v,0), Py = (—v,0),,

where
20=W(2,1) —W(1,2),
“e %?3 - VV%) ;; 200 =W(2,1) + W(1,2),  2a3=W(2,0) + W(0,2)
day = —(W(2,1) — W(1, 2))27 8ag = —(W(2,1) — W(1, 2))2(W<2, 1)+ W(1,2))

5. CHANGE OF BASIS FOR ELLIPTIC NETS
See Proposition 4.3 in [5]. Let T' be any n x m matrix. Let P € E™, v € Z".
Wep(T"(v)) = Were) (V) [[ Wep (T ()" Es) T Wep(T (e + €;))""
i=1 1<i<j<n
6. PARTIAL PERIODICITY

6.1. Periodicity formulas for non-degenerate elliptic nets. The rank n = 1 case is
Theorem 8.1 in [9]. For rank n = 2, see Theorem 5 in [7].

(1) rank n =1 with Wg p(r) = 0:
WEJD(ST + k’) == WEJD(]C)(ISkaQ

where

0= WE’p(T + 2) b _ WE’p(T + 1)2WE,P(2)

WEyp(T’ + 1)WE,P(2)7 WEyp(T + 2)
(2) rank n =2 with Wg po(r) = 0:

Wepo(lr + k) = Wg po(k)af bkl

where
WE’p,Q<T1 + 2, 7"2> WE,P,Q(Th T2 + 2)
Wepo(ri + 1,r)Wg po(2,0) Wgpo(ri,re + 1)Wepg(0,2)

o = WE7P7Q<T1 -+ 1,7"2 + 1)
e arbrWEﬁpr(l, 1)

by =

Ay =

6.2. Perfectly periodic elliptic divisibility sequence and elliptic net over F,. Sec
Theorem 6 in [7].

. WEvp(q — 1) W
o(P) = (WE plg—1+ ord(P))) ’

QZ)(V . P WEP H qf) ];ez ’UJ H qb P + P. )1}1’1)]

1<i<j<n



7. TATE-LICHTENBAUM AND WEIL PAIRING FORMULAS

These are all from [6]; see Theorem 6 and Corollary 1.
W(mp + q + s)W(s)

mm(F, Q) = W(mp + s)W(q+s)’
en(P.Q) — W(mp + q+ s)W(p + s)W(mq + s)
e W(mp + $)W(q + s)W(p + mq + s)
Special cases:
Wp(m +2)Wp(1)
Tl ) = W)
(P — Wralm LD Weg(1,0)

WRQ(m + 1, O)WP,Q(L 1)
8. DISCRETE LOG TYPE EQUATIONS
Equations (9) and (11) in [7]. Suppose [m|P = O and Q = [k]P

(WEyp,Q(m +1,00Wg.pol2, 0))’“ B (WE,p(k — 1))’” (_ W po(l,m)Wg po(2,0) )
Wg.po(m+2,0) \ Wgp(k) We.pq(2,m)Wgpo(l,—1)m
We.po(m+1,m+1) (Wgp(k+1)\""
Wg.po(0,m+1) ( W.p(k) ) '

Acknowledgements. Thank you to Dan Brown for corrections.

WE,P(m 4 1)2k+1 —
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