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Examples.
@ The dihedral group is often defined by a presentation:

Dy=(rf| =1 =1ff =r"" ((rf|rf2 ).

@ A free object over X has presentation (X | ().

Df. A presentation, relative to variety V, is a pair (G | R) which represents the
algebra P = IF,(G)/O(R).

Universal Property. (Derived from the universal property of free objects
using the First Isomorphism Theorem) There is a set morphism ¢ : G — P
such that, for every set morphism g : G — A into a V-object A where g(G)
satisfies the relations in R, there is a unique extension of g to an algebra
morphism g : P — A.
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Then
<G1 ‘ R1> L <G2 ’ R2> = <G1 UGy ’ R UR2>

(Check)
In particular, Fy(X) UFy(Y) Z Fy(X U Y). (And U.Fy(1) = Fy(k).)
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a P-group G, (a “positive witness” to P). Assume that there exists a finitely
presented group G_ not embeddable in any PP-group (a “strong negative
witness”). It is algorithmically undecidable whether a finitely presented group
has P.

For example, we cannot tell from a finite presentation of a group whether the
group it describes is trivial, finite, or commutative. Here you can replace the
commutative law with any law that fails to hold in some group.

In general, the difficulty in dealing with (G | R) is deciding if two elements

a, B are equal: @ = wi(G)/O(R) = wa(G)/O(R) = 8 will hold iff the
equality w; (G) = wy(G) is provable from the set of relations R.
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“simple tensors”.
© R consists of the following relations
O m+m)@n=men+m' @n
O mn+n)=mn+men
Q@ a(m®n) = (am)@n=m® (an),a € A

In words, M ®4 N is the A-module generated by the set
MxN={m®n|méec M,n € N} of simple tensors, subject to the weakest
set of relations needed to make ® an A-bilinear operation.

The universal property can be re-expressed as:
@ There is a bilinearmap ® : M X N - M @ N : (m,n) — m ® n, and
Q Any bilinear g : M X N — L extends uniquely to an A-linear
§:M®N— L.
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Not every element of M ®4 N is a simple tensor

LetA =Randlet M = N = R%.
b:R?> x R?> = My(R) : (u,v) — uv' is bilinear:

a c ac ad .
<[b} ) [d]) g [bc bd] , amatrix of rank < 1.

b(R?,R?) consists of precisely those matrices in Ma(R) of rank < 1.
So, span(b(R?,R?)) = M, (R).
There must be a factorization

b:R? x R2 " R2 @ R2 Y, (R)

Composite is surjective, so the linear map is an isomorphism. A rank 2 matrix
will be expressible as a sum of 2 simple tensors, but will not be a simple
tensor itself.
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Tensor product of vector spaces

The previous example can be modified to show that, if I is a field, then
F" @p F" 22 My 5, (F).

In particular, dimp (F” ®p F") = mn.

In fact, one can prove that the tensor product of free A-modules of ranks m
and n is free of rank mn using the isomorphisms

QO A®4A = A. (Use mult. to get a map — and freeness of A to get +—.)
QO M, (PN) = P(MR4N;).
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Deciding if two elements of M ®4 N are equal

k l . k £
2o M @ ni =35 pj @ gy iff (i mi @ mi) — (3052 pj @ ¢j) = 0, 50 we
only need to decide when an element equals zero.

Fact 1. (May assume M, N f.g.)

The element o = Zle m; ® n; is zero in M ®4 N iff it is zero in some
My ®4 No where My < M, Ny < N, both My and Ny are finitely generated,
and Vi(m; € M), Vi(n; € Np).

Why?
Because a proof of & = 0 has finite length. O

Related example.
1®1=0in7Z, ®z Q, but not in Z» ®z, Z. (Can shrink N = Q to Ny = %Z.)
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Séminaire Samuel. Algébre commutative, tome 2 (1967-1968), p. 1-8

Thm. Assume that M = (ey,...,ey,) and N = (fi,...,f,). An element
o € M ®4 N equals zero iff it has a right-collected form whose left-collected

form is trivial.

a=3 Zj rij(ei @ f;)
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Séminaire Samuel. Algébre commutative, tome 2 (1967-1968), p. 1-8

Thm. Assume that M = (ey,...,ey,) and N = (fi,...,f,). An element
o € M ®4 N equals zero iff it has a right-collected form whose left-collected

form is trivial.
a=3 Zj rij(ei @ f;)
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Séminaire Samuel. Algébre commutative, tome 2 (1967-1968), p. 1-8

Thm. Assume that M = (ey,...,ey,) and N = (fi,...,f,). An element
o € M ®4 N equals zero iff it has a right-collected form whose left-collected
form is trivial.

a=3 Zj rij(ei @ f;)
Right-collected form: e; @ (3 rijfj) + -+ + em @ (O rmifj)-
Associated left-collected form: (Y rije;) @ fi + -+ + (O rinei)  fo.

The matrix involved:
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(Pierre) Mazet’s Theorem

Caracterisation des epimorphismes par relations et generateurs
Séminaire Samuel. Algébre commutative, tome 2 (1967-1968), p. 1-8

Thm. Assume that M = (ey,...,ey,) and N = (fi,...,f,). An element
o € M ®4 N equals zero iff it has a right-collected form whose left-collected
form is trivial.

a=3 Zj rij(ei @ f;)
Right-collected form: e; @ (3 rijfj) + -+ + em @ (O rmifj)-
Associated left-collected form: (Y rije;) @ fi + -+ + (O rinei)  fo.

The matrix involved:

/ /
’/'11 .« o o rln rll o« o e rln
a4
/
Tl Fon Y P
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But [1] ~ [4] also represents «, i.e. 1 ® (4 - 1) is a right-collected form for a.
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a=1®1 € Z, ®y Z3 is zero.

Sincea=1®(1-1) ® (rq1 - 1) is a right-collected form, one matrix that

represents « is [ry]

)

But [1] ~ [4] also represents «, i.e. 1 ® (4 - 1) is a right-collected form for a.
The left-collected formis (4 - 1) ® 1,
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a=1®1 € Z, ®y Z3 is zero.

Sincea=1®(1-1) ® (rq1 - 1) is a right-collected form, one matrix that

represents « is [ry]

)

But [1] ~ [4] also represents «, i.e. 1 ® (4 - 1) is a right-collected form for a.
The left-collected form is (4 - 1) ® 1, which is trivial.
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