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where the operations of the signature, f € F, act coordinatewise as they do
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Let’s verify that 7, really is a homomorphism. Choose any f € F'. We have
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In fact, we usually consider the projections maps to be part of the structure of a
product. Thus, the product of A and B is often expressed as a triple: (A x B; 7a, 7).
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If P = G1 x G is a product of the groups (G1 and G5, then the projection
kernels N1, Ny < P, N; = Ker(n, ), are complementary normal subgroups
of P:

Ny, Ny < P, Nl/\NQZNlﬂNQZ{lp}, N1V Ny = N{Ny =P.

In fact, Ny = {1(;1} X G and No = Gy % {1g, }-
Ny = Nl/{lp} P/Ng =Gy, N = No/{lp} % P/N; = G.

P

Norm(P) N Ny
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Theorem. A group P is isomorphic to a product A x B if and only if P has a
pair of complementary normal subgroups isomorphic to A and B respectively.

Proof. If P = A x B, then it will have a pair of complementary normal
subgroups isomorphic to A and B (= coordinate projection kernels).
Conversely (and WLOG), assume that there are complementary normal

2nd
subgroups A, B < P. The natural map vp: P — P/B = A/{1} = Ais

2nd

surjective with image A and kernel B and v4: P — P/A = B/{1} 2 Bis
surjective with image B and kernel A. The homomorphism

(iovg) x (jovs): P— AXB

has kernel AN B = {1}, so it is injective. If we show that it is surjective, then
it will be an isomorphic from P to A x B.
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© (Similar to a HW problem) Let C* be the multiplicative group of
nonzero complex numbers. Let (Rg) <t C* be the subgroup of positive
real numbers. Let 7" <1 C* be the circle group, which is the subgroup of
C* consisting of complex numbers of absolute value 1. Since R+ and
T are complementary normal subgroups, C* = (R<¢) x 7.

@ The normal subgroups of S3 form a chain, {1} < Az < S3. It follows
that S3 cannot be decomposed into a product of smaller groups. (That is,
S3 does not have a pair of proper, nontrivial, complementary, normal
subgroups.)
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