Practice about Pell’s equation

Let’s find integer solutions to 2% — Ty* = 1.

(1) Find a solution with Bhaskara’s method starting with the guess (1,1). Recall that
Bhaskara uses Brahmagupta’s Identity:

(z} — Nyi) (23 — Ny3) = (z122 + Ny1y2)? — N(21y2 + 22y1)°

(a) Guess (1,1,—6)
(i) Compose with (m,1,m? —7) to get (m + 7,m + 1, —6(m?* —7)).
(ii) Divide: ((m +7)/(=6), (m + 1)/(=6), (m* — 7)/(-6)).
(iii) Choose m =5, get (—2,—1,—3).
(b) Guess (—2,—1,-3)
(i) Compose with (m,1,m* —7) to get (—2m — 7,—m — 2, =3(m?* — 7)).
(ii) Divide: ((=2m —7)/(=3),(—=m —2)/(=3),(m?* = 7)/(-3)).
(iii) Choose m =1, get (3,1,2).
(c) Guess (3,1,2)

(i) Compose with (m,1,m? —7) to get (3m + 7,m + 3,2(m* —7)).
(i) Divide: ((3m +7)/(2), (m + )/( ), (m? - 7)/(2)).
(iii) Choose m = 3, get (8,3,1). v/

(2) Find a solution using the fact that /7 = [ag;a1,a9,...] = [2;1,1,1,4]. (It may
help to remember that the convergents p,/q, may be generated by the recurrences
Pn = @nPn-1 + Pn—2 and ¢ = angn-1 + gn—2.)
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(3) Generate another solution to z? — 7y* = 1.
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