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The concept

In mathematics, we often use “structure-preserving” functions to compare
objects.

Definition. (Homomorphism)
If A = ⟨A; FA⟩ and B = ⟨B; FB⟩ are algebras of the same signature, then a
homomorphism from A to B is is a (set-) function h : A → B, from the
universe of A to the universe of B which preserves the operations in the
sense that for every n, every n-ary f ∈ F , and every a1, . . . , an ∈ A we have

h(fA(a1, . . . , an)) = fB(h(a1), . . . , h(an)).

If our algebras are groups, this reduces to three conditions:

1 h(1) = 1
2 h(x−1) = h(x)−1

3 h(x · y) = h(x) · h(y).
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Some special properties of ALGEBRA homomorphisms

Assume that h : A → B is a homomorphism.

1 There is a unique algebra structure defined on the image of h for which
h : A → im(h) is a homomorphism.

2 The function ι : im(h) → B is a homomorphism.
3 There is a unique algebra structure on the coimage of h that makes

ν : A → coim(h) a homomorphism.
4 If im(h) and coim(h) are given their appropriate algebra structures, then

h : coim(h) → im(h) is an isomorphism.
5 The image of a subalgebra S ≤ A under h is a subalgebra of B.

(h(S) ≤ B.)
6 The preimage of a subalgebra T ≤ B under h is a subalgebra of A.

(h−1(T) ≤ A.)
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Additional properties of GROUP homomorphisms

Assume that h : G → H is a group homomorphism. Let K = h−1(1B) be the
fiber over 1B. I will call K the Kernel of h and write it Ker(h). Ker(h) is a
single equivalence class of the equivalence relation

ker(h) = {(x, y) ∈ A2 | h(x) = h(y)}.

That is, Ker(h) = 1A/ker(h).

1 K is a subgroup of A.
2 The fibers of h are the left cosets of K, gK, g ∈ G.
3 The fibers of h are also the right cosets of K, Kg, g ∈ G.
4 The coimage of h is the set of fibers of h, G/K = {gK | g ∈ G}. The

group structure on the coimage is:

1 1G/K = 1 · K.
2 (xK)−1 = x−1K.
3 (xK)(yK) = (xy)K.
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