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Opinion

In our own days Scipione del Ferro of Bologna has solved the case of the cube
and first power equal to a constant, a very elegant and admirable
accomplishment. Since this art surpasses all human subtlety and the
perspicuity of mortal talent and is a truly celestial gift and a very clear test of
the capacity of men’s minds, whoever applies himself to it will believe that
there is nothing that he cannot understand.

Gerolamo Cardano, Ars magna, (1545).

(Ars magna = great art.)

Scipione del Ferro (early 1500s)
Antonio Fior
Niccolò Tartaglia
Gerolamo Cardano
Lodovico Ferrari
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Some of the questions from Fior to Tartaglia, 1535

1 Find the number which added to its cube root gives 6.

x + 3√x = 6, or y3 + y − 6 = 0 for y = 3√x.

2 Find two numbers in double proportion [x, 2x] such that if the square of
the larger is multiplied by the lesser and to the product is added the sum
of the numbers, the result is 40.

(2x)2x + x + 2x = 40, or 4x3 + 3x − 40 = 0. Find x and 2x.

3 Find the number which added to its cube gives 5.

x + x3 = 5. or x3 + x − 5 = 0.
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A Key Observation

By the Binomial Theorem,

(u + v)3 = u3 + 3u2v + 3uv2 + v3

= u3 + 3uv(u + v) + v3

= +3uv(u + v) + (u3 + v3)

If we introduce symbols y for u + v, p for 3uv, and q for u3 + v3, this
becomes

y3 = (3uv)y + (u3 + v3)
y3 = py + q.

Thus, if (given specific values for p and q) we can solve for u and v in the
system

3uv = p
u3 + v3 = q,

then we can set y = u + v to solve y3 = py + q.
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Stages

Goal. Find x such that ax3 + bx2 + cx + d = 0. (a ̸= 0.)

Stage 1. Reduce to a monic polynomial equation:
x3 +

(
b
a

)
x2 +

(
c
a

)
x +

(
d
a

)
= 0.

Stage 2. Depress the cubic:
Use the substitution y = x + b

3a to rewrite in the form y3 − py − q or
y3 = py + q.

Stage 3. Solve the depressed cubic by letting y = u + v, q = u3 + v3, and
p = 3uv or u3 · v3 =

(p
3
)3. Solve for u3 and v3 first, then for u and v. You

should get u = 3

√
q
2 +

√( q
2
)2 −

(p
3
)3 and v = 3

√
q
2 −

√( q
2
)2 −

(p
3
)3

Stage 4. Rewrite in terms of x:
x = y − b

3a = (u + v) − b
3a .
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Stage 3. Solve the depressed cubic by letting y = u + v, q = u3 + v3 = −4,
and p = 3uv = 3 or u3 · v3 = 1. Solve for u3 and v3 first. They are roots of

t2 + 4t + 1 = 0. You should get u = 3
√

−2 +
√

3 and v = 3
√

−2 −
√

3.

Stage 4. Rewrite in terms of x:

x = y − 1 = −1 + 3
√

−2 +
√

3 + 3
√

−2 −
√

3.
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Practice problems

1 Solve x3 − x − 60 = 0.

2 Find the intersection points of the parabola y = x2 − 1 and the hyperbola
xy = 60.
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Solve three Challenge Problems directed to Tartaglia

1 Find the number which added to its cube root gives 6.

x + 3√x = 6, or y3 + y − 6 = 0 for y = 3√x.

2 Find two numbers in double proportion [x, 2x] such that if the square of
the larger is multiplied by the lesser and to the product is added the sum
of the numbers, the result is 40.

(2x)2x + x + 2x = 40, or 4x3 + 3x − 40 = 0. Find x and 2x.

3 Find the number which added to its cube gives 5.

x + x3 = 5. or x3 + x − 5 = 0.
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