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Fact 4. The induced map

h: coim(h) — im(h): [a] — h(a)

is an isomorphism.

Proof. The induced map is always a bijection. To see that it is a
homomorphism, compute that
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The Induced Map

Fact 4. The induced map
h: coim(h) — im(h): [a] — h(a)

is an isomorphism.

Proof. The induced map is always a bijection. To see that it is a
homomorphism, compute that

(™ (0], . fan])) = R([FA (0, an)])
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The Induced Map

Fact 4. The induced map
h: coim(h) — im(h): [a] — h(a)
is an isomorphism.

Proof. The induced map is always a bijection. To see that it is a
homomorphism, compute that

h(feom®([a], .., [an)))

E([f <a17 s 7a7l)])
= h(f*ay,...,a,))
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The Induced Map

Fact 4. The induced map
h: coim(h) — im(h): [a] — h(a)

is an isomorphism.

Proof. The induced map is always a bijection. To see that it is a
homomorphism, compute that
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We complete the argument with an important result:

The Canonical Factorization of a Homomorphism



The Induced Map, 2

We complete the argument with an important result:
Theorem.
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We complete the argument with an important result:
Theorem. A bijective algebra homomorphism is an isomorphism.
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We complete the argument with an important result:
Theorem. A bijective algebra homomorphism is an isomorphism.

Proof.
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We complete the argument with an important result:
Theorem. A bijective algebra homomorphism is an isomorphism.

Proof. Assume that h: A — B is a bijective homomorphism.
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We complete the argument with an important result:
Theorem. A bijective algebra homomorphism is an isomorphism.

Proof. Assume that h: A — B is a bijective homomorphism. The inverse
function h~! is a map from B to A;
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We complete the argument with an important result:
Theorem. A bijective algebra homomorphism is an isomorphism.

Proof. Assume that h: A — B is a bijective homomorphism. The inverse
function h~! is a map from B to A; we must explain why it preserves the
operations.
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Theorem. A bijective algebra homomorphism is an isomorphism.

Proof. Assume that h: A — B is a bijective homomorphism. The inverse
function h~! is a map from B to A; we must explain why it preserves the
operations. We shall assume that it does not and derive a contradiction.
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We complete the argument with an important result:
Theorem. A bijective algebra homomorphism is an isomorphism.

Proof. Assume that h: A — B is a bijective homomorphism. The inverse
function h~! is a map from B to A; we must explain why it preserves the
operations. We shall assume that it does not and derive a contradiction.
Assume that

PR (b1, . b0)) # AR (b)), .. b (b))
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We complete the argument with an important result:
Theorem. A bijective algebra homomorphism is an isomorphism.

Proof. Assume that h: A — B is a bijective homomorphism. The inverse
function h~! is a map from B to A; we must explain why it preserves the
operations. We shall assume that it does not and derive a contradiction.
Assume that

PR (b1, . b0)) # AR (b)), .. b (b))

Apply the injective function h to these two distinct elements. The results
should be distinct:
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We complete the argument with an important result:
Theorem. A bijective algebra homomorphism is an isomorphism.

Proof. Assume that h: A — B is a bijective homomorphism. The inverse
function h~! is a map from B to A; we must explain why it preserves the
operations. We shall assume that it does not and derive a contradiction.
Assume that

PR (b1, . b0)) # AR (b)), .. b (b))

Apply the injective function h to these two distinct elements. The results
should be distinct:

Rh=Y(fB(by, ..., b)) # hfARTYHby), ..., (b))
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The Induced Map, 2

We complete the argument with an important result:
Theorem. A bijective algebra homomorphism is an isomorphism.

Proof. Assume that h: A — B is a bijective homomorphism. The inverse
function h~! is a map from B to A; we must explain why it preserves the
operations. We shall assume that it does not and derive a contradiction.
Assume that

PR (b1, . b0)) # AR (b)), .. b (b))

Apply the injective function h to these two distinct elements. The results
should be distinct:

RR=Y(fB(by,...,by)) # hfA(R™Y(b1),...,h = (b))
TB(b1, ..., bn) # fB(Rh=(b1), ..., hh™1(by))
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The Induced Map, 2

We complete the argument with an important result:
Theorem. A bijective algebra homomorphism is an isomorphism.

Proof. Assume that h: A — B is a bijective homomorphism. The inverse
function h~! is a map from B to A; we must explain why it preserves the
operations. We shall assume that it does not and derive a contradiction.
Assume that

PR (b1, . b0)) # AR (b)), .. b (b))

Apply the injective function h to these two distinct elements. The results
should be distinct:

hh_l(fB(bh e bn)) 7é th(h_l(bl)a ah_l( n))
fB(blv"'vbn) #fB(hhil(blx ﬂhhil( n))
B(by,...,by) # fB(by,...,by)
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We complete the argument with an important result:
Theorem. A bijective algebra homomorphism is an isomorphism.

Proof. Assume that h: A — B is a bijective homomorphism. The inverse
function h~! is a map from B to A; we must explain why it preserves the
operations. We shall assume that it does not and derive a contradiction.
Assume that
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Apply the injective function h to these two distinct elements. The results
should be distinct:
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The Induced Map, 2

We complete the argument with an important result:
Theorem. A bijective algebra homomorphism is an isomorphism.

Proof. Assume that h: A — B is a bijective homomorphism. The inverse
function h~! is a map from B to A; we must explain why it preserves the
operations. We shall assume that it does not and derive a contradiction.
Assume that

PR (b1, . b0)) # AR (b)), .. b (b))

Apply the injective function h to these two distinct elements. The results
should be distinct:

B b)) F AT (B, BT (b))
fB(b17~--7bn) f (h (b )7 'ﬂhhil( n))
f]B(bla"'abn) f (b ) n)

The last line is false, so we have obtained a contradiction.
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We complete the argument with an important result:
Theorem. A bijective algebra homomorphism is an isomorphism.

Proof. Assume that h: A — B is a bijective homomorphism. The inverse
function h~! is a map from B to A; we must explain why it preserves the
operations. We shall assume that it does not and derive a contradiction.
Assume that

PR (b1, . b0)) # AR (b)), .. b (b))

Apply the injective function h to these two distinct elements. The results
should be distinct:

B b)) F AT (B, BT (b))
fB(b17~--7bn) f (h (b )7 'ﬂhhil( n))
f]B(bla"'abn) f (b ) n)

The last line is false, so we have obtained a contradiction. O
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The First Isomorphism Theorem.
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homomorphism, then
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isomorphism is called the

The First Isomorphism Theorem. If .: A — B is an algebra
homomorphism, then _
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The fact that the induced map associated to a homomorphism is an
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The First Isomorphism Theorem. If .: A — B is an algebra
homomorphism, then _
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is an isomorphism.
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isomorphism is called the

The First Isomorphism Theorem. If .: A — B is an algebra
homomorphism, then _
h: A/ker(h) — im(h)

is an isomorphism.

The displayed line in the First [somorphism Theorem may be written
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The fact that the induced map associated to a homomorphism is an
isomorphism is called the

The First Isomorphism Theorem. If .: A — B is an algebra
homomorphism, then _
h: A/ker(h) — im(h)

is an isomorphism.

The displayed line in the First [somorphism Theorem may be written

h: coim(h) — im(h)
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The First [somorphism Theorem

The fact that the induced map associated to a homomorphism is an
isomorphism is called the

The First Isomorphism Theorem. If .: A — B is an algebra
homomorphism, then _
h: A/ker(h) — im(h)

is an isomorphism.

The displayed line in the First [somorphism Theorem may be written

h: coim(h) — im(h)

instead, but the form I used first is the more common form.
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The canonical factorization of a function h: A — Bish =10 hov.
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The canonical factorization of a function h: A — Bis h = 1 o h o v. Each of
these composition factors is a set-function.
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The Canonical Factorization of a Homomorphism

The canonical factorization of a function h: A — Bis h = 1 o h o v. Each of
these composition factors is a set-function. These slides explain why, if

h: A — B is a homomorphism of algebras, then im(/) and coim(h) can be
equipped with unique algebra structure so that 4 = ¢+ o h o v is a factorization
of h into algebra homomorphisms.
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