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The Kuratowski encoding

Throughout mathematics we use ordered pairs, triples, etc, to construct more
complex objects (like functions and relations):

(a,b) (Ordered pair)
(a,b,c) (Ordered triple)

Definition. (Kuratowski encoding) If a and b are sets, then the set
{{a},{a,b}} is denoted (a, b) and it is called the “ordered pair with first
coordinate a and second cordinate b”. (If a and b are sets, then (a, b) is a set.)

Define (a,b,c) = ((a,b),c) and (ay, ... ,an, an+1) = ((ar,...,an), an1)-

Examples.
Q (a,a) = {{a},{a,a}} = {{a}, {a}} = {{a}}.
@ (a,b,c) = {{{{a},{a,b}}},{{{a},{a, b}},c}}.
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@ If A is a set of sets, then € is a binary relation on A.
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set {T, L} of truth values.

In mathematics, relations are used to record the “graph of the predicate”.
Thus, relations are the mathematical tools used to “record ideas”.

For example, if P is the set of all pizzas, then

H={xeP|pn(x)}

is the subset of all hot pizzas. H C P, so H is a 1-ary relation on P that
records the idea of “hotness” for pizzas.
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Sentences may have a compound subject (consisting of more than one one
thing):

Alice and Bob are siblings.
Subject = (Alice, Bob). Predicate = @sipiing (X, y) = “x and y are siblings”. If Z

is the set of all people living on earth, then

S={(x,y) € 72 | Psibling (%, ¥) }

is a binary relation on Z that records the pairs of siblings. Thus, binary
relations can be used to record the information of concepts depending on two
things.
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You can fool all the people some of the time and some of the people all the
time, but you cannot fool all the people all the time.

We can formalize this statement using a predicate F(p, r) expressing “Person p can be

fooled at time 7. Here p is a variable allowed to range over a set P of people and ¢ is
a variable allowed to range over a set T of times. Now the statement reads

(B (P)E(p, 1) A (Ep)(VD)F(p, 1)) A ~((Vp) (VO F (p, 1))

The graph G C P x T of this predicate is the relation between P and T indicated in
this table:

| F(p,t) || 8am | 11am | 2pm | 5pm |

John *

Paul * *
George * * *
Ringo * *
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Intuition. A function accepts a value from some set, performs some sort of
“calculation”, then returns a value from some set.

Definition. (Function)
A function from A to B is a relation F C A x B satisfying the “function rule”.
(Notation: We often write F': A — B to signify that F C A X B is a function.)

Definition. (The Function Rule)

A binary relation F C A x B from A to B satisfies the function rule if for
every a € A there is a unique b € B such that (a, b) € F. (Notation: We often
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X
a=(x,y) }xﬂw b=x+y
y
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A visual represention a function

Let A and B be sets and let F': A — B be a function from A to B.

A = dom(F) i B = cod(F)
a h 9 | F(a) = F(h)
z > | F(z)
q | Flq)
l v=natural T t=inclusion
coim(F) F=induced
a]= [ -
[z | e F(z])) =F(z
[ ) F([q]) = F( )
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written [a].
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nonempty fibers.

© The natural map is v: A — coim(F): a — [a].

O The inclusion map is ¢: im(F) — B: b+ b.

@ The induced map is F: coim(F) — im(F): [a] — F(a).
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@ The preimage of a singleton {b} is written F~!(h) and sometimes called
the fiber of F over b. The fiber containing the element a is sometimes
written [a].

@ The coimage of F is the set coim(f) = {F~1(b) | b € im(F)} of all
nonempty fibers.

© The natural map is v: A — coim(F): a — [a].

O The inclusion map is ¢: im(F) — B: b+ b.

@ The induced map is F: coim(F) — im(F): [a] — F(a).

© The canonical factorization of Fis F = .o Fov.

Ordered Pairs, Relations



