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The canonical factorization of a function

F:A—>B. F=10Fouw.

A =dom(F) d B = cod(F)
a h 9 | F(a) = F(h)
z el | F(z)
q | F(q)
l v=natural T t=inclusion
coim(F) F=induced
o] = -
[z] el F([z]) = F(z)
[q) @ ¢ F(lq]) = F(g)
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Question. What kind of mathematical object is a coimage?

Answer. The coimage of ' : A — B is a partition of A.

Definition. A partition of A is a set P consisting of nonempty subsets of A
satisfying

QO UP=A and

Q@ ifX.YePthenXNY=0orX =Y.
(The elements of P are called the cells or the parts of the partition. If a € A,
then the cell containing a is often written [a] or [a]p.)
Example. P = {{0, 1,2}, {3,4}} is a partition of A = {0,1,2,3,4}. P has
two cells, A; = {0,1,2} and Ay = {3,4}.
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Theorem.

@ A setis asubset of B if and only if it is the image of a function with
codomain B.

@ A setis a partition of A if and only if it is the coimage of a function with
domain A.

Idea of proof:
Stage 1. Show that an image is a subset and a coimage is a partition.

Stage 2. Suppose that S C B. Show that S is the image of the inclusion map
ts: S — B:s—s.

Next suppose that P is a partition of A. Show that P is the coimage of the

natural map
vp: A— P:aw |a].
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encoded in the “kernel” of the function. Kernels are relations, while coimages
are not, so sometimes it is easier to use kernels.

Definition. The kernel of a function F': A — B is the relation
ker(F) = {(a,a’) € A? | F(a) = F(d")}.

This is the set of pairs that “F’ makes equal”.

Examples.
@ The kernel of id 4 is the equality relation on A.
@ The kernel of a constant function with domain A is A x A.
@ Thekernel of F: R — R: x> 22 is {(z, —z) | z € R}.
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Interpreting these concepts for groups

If F: A — B is a group homomorphism, then there is a unique group

structure on the image and the coimage of I which makes ¢, F, v group
homomorphisms.

A = dom(F) F B = cod(F)
a h 9 | F(a) = F(h)
z e [ F(z)
q | F(q
l v=natural T t=inclusion
coim(F") F=induced
[a]=[h)m gl
[z] W >l F([2]) = F(z)
[gm = F(lg]) = F(q)
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Image and coimage are special for group homomorphisms

If F: A — B is a group homomorphism, then
© the image of F' must be a subgroup of B.

@ the fiber over the identity element, N = F~!(ep), must be a normal
subgroup of A.

© the coimage of F' must be the partition of A into the cosets of V.

© the kernel of F'is the equivalence relation associated to the coimage. It is
determined entirely by the equivalence class IV of e 4. For this reason, IV
is also called the Kernel of F'. (I am using lower-case ‘kernel’ to denote
the set-theoretical kernel, which is an equivalence relation. I am using
upper-case Kernel to denote the kernel-class of e 4, which is
N = F~Y(eg).)
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Exercise

Draw and describe all the parts of the parity homomorphism:

P:7Z — Zo: n+ nmod 2.

Q@ image?

© coimage?

© kernel? Kernel?
© inclusion map?
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@ induced map?
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An invertible homomorphism is an isomorphism. Thatis, /': A — B is an
isomorphism if there exists a homomorphism G: B — A such that

G o F =ida and F o G = idg. An isomorphism is an automorphism if its
domain and codomain are equal.

Theorem. A homomorphism of algebraic structures is an isomorphism if and
only if it is a bijection.
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isomorphism if there exists a homomorphism G: B — A such that

G o F =ida and F o G = idg. An isomorphism is an automorphism if its
domain and codomain are equal.

Theorem. A homomorphism of algebraic structures is an isomorphism if and
only if it is a bijection.

(The analogous statement fails to be a theorem for relational or topological
structures.)

Examples.
© Show that the group homomorphism ¢: Z — Z: n — —n is an
automorphism.
@ Let G be a group and let g be an element of G. Show that
V9: G = G gxg~! is an automorphism. (This type of
automorphism, conjugation by some element g, is called an inner
automorphism.)
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