Saturated models

Saturated models 1/19



Models realizing many types

Saturated models 2/19



Models realizing many types

Throughout these slides, 7" will be a complete theory in a countable language
which has infinite models.

Saturated models 2/19



Models realizing many types

Throughout these slides, 7" will be a complete theory in a countable language
which has infinite models.

By the Compactness Theorem, any model of 7" has an elementary extension
that realizes all types.

Saturated models 2/19



Models realizing many types

Throughout these slides, 7" will be a complete theory in a countable language
which has infinite models.

By the Compactness Theorem, any model of 7" has an elementary extension
that realizes all types.

One expects such an extension to behave like a “completion” or
“compactification” of the original model.

Saturated models 2/19



Models realizing many types

Throughout these slides, 7" will be a complete theory in a countable language
which has infinite models.

By the Compactness Theorem, any model of 7" has an elementary extension
that realizes all types.

One expects such an extension to behave like a “completion” or
“compactification” of the original model.

Defn. Call a model S of T" weakly saturated if it realizes all types in .S,,(T')
for all n.
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Models realizing many types

The definition of “weakly saturated model” seems dual to the definition of
atomic model, so in an ideal world, the following would be true:

@ Countable weakly saturated models of T" would exist.

@ Any two would be isomorphic.

© Any countable model of 7" would embed elementarily into the weakly
saturated model.

© Two tuples in a weakly saturated model would have the same type iff
they differed by an automorphism.

But all of these statements are false.
The first statement becomes true provided |, (T)| < 2%° for all n. And then
all statements become true with “w-saturated” in place of “weakly saturated”.
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The countable models M, M, M3

Top
D ~
C2 C2 C2
Bottom ec1 181 by
[ CO DCO icO
=U; (e
M, M, My

Figure: Top(z) = {co <z, ¢1 <z, ¢a <z, ...}, nonisolated p € S1(T)
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constants, and that part is a (possibly empty) dense linear order without
top element.

© All embeddings between models are elementary by g.e.

M, < My < M3 < Mos.

Q@ I(T,w) < 2% implies S, (T) is scattered for all n, so one of the models
must be atomic. The only plausible candidate is M.

© All countable models embed elementarily into both My and M3. This is
enough to prove that M and M3 are both weakly saturated.

© The model M5 does not have the type-extension property.

Let p € S1(T) be the type p(x1) = Top(z1). Let ¢ € So(T) be the type
q(z1,2) = Top(x1) U Top(z2) U {z2 < z1}. ¢|1 = p. Let a = lub(c;).
The 1-tuple (a) realizes p. Some 1-tuples that realize p can be extended
to 2-tuples that realize q.
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must be atomic. The only plausible candidate is M.

© All countable models embed elementarily into both My and M3. This is
enough to prove that M and M3 are both weakly saturated.

© The model M5 does not have the type-extension property.

Let p € S1(T) be the type p(x1) = Top(z1). Let ¢ € So(T) be the type
q(z1,2) = Top(x1) U Top(z2) U {z2 < z1}. ¢|1 = p. Let a = lub(c;).
The 1-tuple (a) realizes p. Some 1-tuples that realize p can be extended
to 2-tuples that realize q. But the 1-tuple (a) cannot be extended to a
2-tuple that realizes q.
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This theory has four countable models

Top
H 6 it
H H H H
¢ ¢ ¢ ¢
?C2 ?C2 ?C2 ?C2
Bottom tar ta ta ta
*Co ¢Co *co ¢Co
N, N> N3 Ny

Figure: N; < Ny < N3 <Ny < N;
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@ All upper bounds of the sequence (¢; )., have the same 1-type over the
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© On the other hand, M3 does have the type-extension property, any
expansion of M3 by finitely many constants is again weakly saturated,
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Weak saturation and w-homogeneity in E’s Theory

Top
[ ] ~
C2 C2 C2
Bottom *C1 *Cc °C1
b Co L X&) L X&)
M, M, M;

Figure: My, M3 weakly saturated; M, M3 w-homogeneous
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Enumerate them.

Start back and forth: Assume that f : a — b is a partial isomorphism that we
want to extend. At this point, tp®(a) = tpB(b). Equivalently, A |= ¢(a) iff
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forth.)

Assume A and B are w-saturated models of T'.

Enumerate them.

Start back and forth: Assume that f : a — b is a partial isomorphism that we
want to extend. At this point, tp®(a) = tpB(b). Equivalently, A |= ¢(a) iff
B E ¢(b). Equivalently, A, = By,.

Assume it is our turn to extend the domain. Let ¢ € A be the least
unconsidered element. Let p = tpAa (c). Let d be a realization of p in By,.
Thus, A = @(ac) iff B |= 8(bd). Le., tp®(ac) = tpB(bd). Extend f so that
fle)=4d. DO

When A = B, this argument proves strong w-homogeneity of w-saturated
models. Half of the argument proves w ™ -universality.
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Extensions to higher cardinalities

Defn. A model M of T is k-saturated if whenever A C M satisfies |A| < k,
then M 4 realizes all p € SM(A). We say that M is saturated if it is
|M|-saturated.

To discuss this when x # w, we need a concept of type for infinitely long
tuples.

Some basic results.
© rk-saturated = x T -universal and x-homogeneous.
© Formation of ultrapowers increases saturation.

@ An infinite model M satisfying |[M| < 2" has a k™t -saturated elementary
extension of cardinality 2°.
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Let F be an algebraically closed subfield of C containing A and satisfying
|F| < |C]|.
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why [T, A realizes every type in S{*(B).

Accept for now that every p € S{*(B) has cardinality x = || Lg||, and choose
a bijection ), : k — p. There is an induced bijection from I = Py (k) to
Prin(p), which we also call Bp. Thus, for each 7 € I, there is assigned a set
Bp (%), which is a finite subset of p.

Since p is consistent with Th(A p), for each i there is an element a; € A that
satisfies all formulas in the finite set 3, (7).
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I = Psin(k) is directed by inclusion. The tail ends of this directed set form a
proper filter on I, which can be extended to an ultrafilter / on I. Let’s outline
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Prin(p), which we also call Bp. Thus, for each 7 € I, there is assigned a set

Bp (%), which is a finite subset of p.

Since p is consistent with Th(A p), for each i there is an element a; € A that
satisfies all formulas in the finite set 5,,(4). Leta € A be the tuple satisfying
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