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A survey of preservation theorems

We are still interested in the relationship between the “syntactic form” of the
sentences in a set ∆ of first-order sentences and the class of models of ∆.

The typical result has the form: The set of models of a first-order theory T is
closed under certain constructions iff T has a set of axioms of a certain
syntactic form.

Examples.

Theorem. (Łos-Tarski)
The class of models of T is closed under the formation of substructures if and
only if T has a set of axioms that are universal sentences.

Theorem.
The class of models of T is closed under the formation of superstructures if
and only if T has a set of axioms that are existential sentences.
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The basic preservation theorem

Theorem. TFAE for a class K of structures.

1 K is axiomatizable by first-order sentences.
2 K is closed under ultraproducts and elementary equivalence.
3 K is closed under ultraproducts and elementary substructure.

Write PU for the class operator of “closure under ultraproducts”, and S≺ for
the class operator of “closure under elementary substructure”. We assume that
these are “abstract class operators”, which means that IPU = PU and
IS≺ = S≺.

Can be shown that these class operators are idempotent: PUPU = PU

(modth2p12), S≺S≺ = S≺, and PUS≺ ≤ S≺PU . Hence K is
axiomatizable/elementary iff S≺PU(K) = K.

Corollary. A class K of structures is axiomatizable by universal sentences iff
K is closed under ultraproducts and substructures iff SPU(K) = K.
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Lyndon’s Preservation Theorem

Theorem. TFAE for a class K of structures.

1 K is axiomatizable by positive first-order sentences.
2 K is axiomatizable and closed under the formation of homomorphic

images.

A sentence σ is positive if it is equivalent to one of the form

(quantifiers)
(∨∧

atomic
)
.

Introduce the class operator H. Have IH = H, HH = H, S≺H ≤ HS≺, and
PUH ≤ HPU . Hence a class K has a positive axiomatization iff
HS≺PU(K) = K. A class K has a positive universal axiomatization iff
HSPU(K) = K.
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Products

Theorem. Let T be a theory and let K be its class of models.

1 Any Horn sentence is preserved under the formation of products.
2 (Horn) A universal sentence is preserved under the formation of products

IFF it is logically equivalent to a universal Horn sentence.
3 (Weinstein) A universal-existential sentence is preserved under the

formation of products IFF it is logically equivalent to a
universal-existential Horn sentence.

A sentence is Horn (after Alfred Horn) if it has the form

(quantifiers)

 ∨
±atomic︸ ︷︷ ︸

at most one atomic


or

(quantifiers)
(∧

atomic→ (atomic or false
)
.
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Horn sentences

Examples.

1 (Left cancellation) (∀x)(∀y)(∀z)((xy = xz)→ (y = z)).
2 (Absence of n-torsion) (∀x)(nx = 0→ x = 0).
3 (Universal atomic) (∀x)(∀y)(∀z)(x(yz) = (xy)z).

IP = P, PP = P, PUP ≤ PPU , PS ≤ SP.

Hence SPPU(K) = K iff K is axiomatizable and is closed under the
formation of substructures and products iff K is axiomatizable by universal
Horn sentences.

Hence HSP(K) = K iff K iff K is axiomatizable by universal atomic
sentences. (E.g., the class of all groups, or the class of all semigroups, or the
class of all rings, or the class of all R-modules (fixed ring R), or the class of all
Boolean algebras, or the class of all lattices, ETC.)
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