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B-valued sets

Let M be a countable transitive model of ZFC in V . Let B be a complete
Boolean algebra in M . We define the members of the B-valued model MB by
rank, using recursion.

MB
α “ tx | x is a function to B and pDγ ă αqpdompxq Ď MB

γ qu.

Examples.

MB
0 “ H, since there is no γ ă 0.

MB
1 “ tHu, since the only function x with empty domain is the empty

function.

(First interesting case!) MB
2 “ ttpH, bqu | b P Bu, so MB

2 has one
element for each element of B.

x P MB iff pDγqpx P MB
γ q. MB is the class of B-valued sets in M .
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Standard elements

If B1 is a complete subalgebra of B2, then MB1 Ď MB2 . That is, any
B1-valued set is a B2-valued set whose values (hereditarily) lie in B1. Since 2
is a complete subalgebra of B for any complete Boolean algebra B, we get
that M2 Ď MB.

We recursively define standard elements of MB:

Definition. For each element x P M , let

x̂ “ tpŷ, 1q | y P xu.

‘Hat’ is an injective function :̂ M Ñ M2 Ď MB.

Examples.

1 Ĥ is the empty function.
2 1̂ “ ytHu is the function defined on hatted elements that is the

characteristic function of tĤu.
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The language of B-valued sets

Our language from MB will be the first-order language of set theory enriched
by a family of constants. We will add one constant for each element of
x P MB and interpret the constant to be x. (So, every element of MB is
named by a constant.)
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Assigning truth values to sentences

To every σ, a (fuzzy) truth value for σ will be an element JσKB P B. We
follow these recursive rules for assigning truth:

1 Jσ ^ τKB “ JσKB ^ JτKB

2 Jσ _ τKB “ JσKB _ JτKB

3 J␣σKB “ pJσKBq1

4 JpDxqσpxqKB “
Ž

aPMB JσpaqKB

5 Jp@xqσpxqKB “
Ź

aPMB JσpaqKB

To get the recursion started, we need to decide the values of Jx “ yKB and
Jx P yKB. This is more delicate.
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Jx “ yKB and Jx P yKB

We want the following to be true:

Jx “ yKB “ Jp@zqppz P x Ñ z P yq ^ pz P y Ñ z P xqqKB

“ p
Ź

zPdompxq xpzq Ñ Jz P yKBq ^ p
Ź

zPdompyq ypzq Ñ Jz P xKBq
and

Jx P yKB “ JpDzqppz P y ^ z “ xqKB “
ł

zPdompyq

pypzq ^ Jz “ xKBq

We take as joint recursive definitions the equality of the LHS and the RHS in
each of these.

We write MB |ù σ to mean JσKB “ 1.

This completes the construction of MB, its language, and the assignment of
truth values to sentences.
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Properties of standard elements

Theorem.

1 If φpx1, . . . , xnq is a formula and m1, . . . , mn P M , then

M |ù φpm1, . . . , mnq Ø M2 |ù φpm̂1, . . . , m̂nq.

2 If φ has bounded quantification, then

M |ù φpm1, . . . , mnq Ø MB |ù φpm̂1, . . . , m̂nq.

3 In particular, when φpx, yq is x “ y or x P y we get

1 m1 “ m2 in M iff MB |ù m̂1 “ m̂2.
2 m1 P m2 in M iff MB |ù m̂1 P m̂2.
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If M satisfies ZFC, then MB satisfies ZFC

The conclusion in the title means that JσKB “ 1 when σ is an axiom of ZFC.
(MB |ù σ.) The full proof can be found in Bell (v. 12, Oxford Logic Guides).
Here we sample the proof by establishing Restricted Comprehension: for any
formula φpxq,

p@uqpDvqp@xqrpx P vq Ø px P uq ^ φpxqs

Proof: Choose u P MB. Define v P MB by dompvq “ dompuq and for
x P dompvq

vpxq “ upxq ^ JφpxqKB pP Bq.

Expand Jp@xqrpx P vq Ø px P uq ^ φpxqsKB (=1?) to

Jp@x P vqrpx P uq ^ φpxqsKB ^ Jp@x P uqrφpxq Ñ px P vqsKB.

(= 1^ 1?)
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Completion of proof for Restricted Comprehension

The first conjunct is 1:

Jp@x P vqrpx P uq ^ φpxqsKB

“
Ź

xPdompvqpJx P uKB ^ JφpxqKBq
“

Ź

xPdompvq 1^ 1 “ 1.

The second conjunct is 1:

Jp@x P uqrφpxq Ñ px P vqsKB

“
Ź

xPdompuqpJφpxqK
B Ñ Jx P vKBq

“
Ź

xPdompuqp1 Ñ 1q “ 1.
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The forcing relation ,

Let P be a forcing poset and let B be its Boolean completion. For p P P and for a
sentence σ say that “p forces σ” and write “p , σ” to mean p ď JσKB.

Properties of Forcing.

1 p , ␣σ iff ␣pDq ď pqrq , σs.
2 p , σ ^ τ iff p , σ and p , τ .
3 p , σ _ τ iff p@q ď pqpDr ď qqrr , σ or r , τ s.

4 p , p@xqφpxq iff for all u P MBrp , φpuqs.
5 For a P M , p , p@x P âqφpxq iff p@x P aqrp , φpx̂qs.
6 JσKB “ 1 iff p@pqrp , σs. JσKB “ 0 iff ␣pDpqrp , σs.
7 p@pqpDq ď pqrq , σ or q , ␣σs.
8 p , σ implies ␣rp , ␣σs.
9 If p , σ and q ď p, then q , σ.
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5 For a P M , p , p@x P âqφpxq iff p@x P aqrp , φpx̂qs.
6 JσKB “ 1 iff p@pqrp , σs. JσKB “ 0 iff ␣pDpqrp , σs.
7 p@pqpDq ď pqrq , σ or q , ␣σs.
8 p , σ implies ␣rp , ␣σs.
9 If p , σ and q ď p, then q , σ.

Boolean-Valued Models 10 / 13



The forcing relation ,

Let P be a forcing poset and let B be its Boolean completion. For p P P and for a
sentence σ say that “p forces σ” and write “p , σ” to mean p ď JσKB.

Properties of Forcing.

1 p , ␣σ iff ␣pDq ď pqrq , σs.
2 p , σ ^ τ iff p , σ and p , τ .

3 p , σ _ τ iff p@q ď pqpDr ď qqrr , σ or r , τ s.

4 p , p@xqφpxq iff for all u P MBrp , φpuqs.
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5 For a P M , p , p@x P âqφpxq iff p@x P aqrp , φpx̂qs.
6 JσKB “ 1 iff p@pqrp , σs. JσKB “ 0 iff ␣pDpqrp , σs.
7 p@pqpDq ď pqrq , σ or q , ␣σs.
8 p , σ implies ␣rp , ␣σs.

9 If p , σ and q ď p, then q , σ.

Boolean-Valued Models 10 / 13



The forcing relation ,

Let P be a forcing poset and let B be its Boolean completion. For p P P and for a
sentence σ say that “p forces σ” and write “p , σ” to mean p ď JσKB.

Properties of Forcing.

1 p , ␣σ iff ␣pDq ď pqrq , σs.
2 p , σ ^ τ iff p , σ and p , τ .
3 p , σ _ τ iff p@q ď pqpDr ď qqrr , σ or r , τ s.

4 p , p@xqφpxq iff for all u P MBrp , φpuqs.
5 For a P M , p , p@x P âqφpxq iff p@x P aqrp , φpx̂qs.
6 JσKB “ 1 iff p@pqrp , σs. JσKB “ 0 iff ␣pDpqrp , σs.
7 p@pqpDq ď pqrq , σ or q , ␣σs.
8 p , σ implies ␣rp , ␣σs.
9 If p , σ and q ď p, then q , σ.

Boolean-Valued Models 10 / 13



Some proofs

p , ␣σ iff ␣pDq ď pqrq , σs.

pñq Assume that p , ␣σ. If, for some q ď p, we have q , σ, then q ď JσKB and
q ď p ď J␣σKB “ pJσKBq1, so q “ 0. This is impossible for q P P, so
␣pDq ď pqrq , σs.
pð, Contrapositive) Assume that p , ␣σ fails to hold. Then p ę J␣σKB “ pJσKBq1.
Hence p^ JσKB ‰ 0. By the density of P in B, there exists q P P such that
q ď p^ JσKB. We have q ď p and q , σ. 2

p , σ ^ τ iff p , σ and p , τ .

p , σ ^ τ iff p ď Jσ ^ τKB “ JσKB ^ JτKB iff p ď JσKB and p ď JτKB iff
p , σ and p , τ .

p , σ _ τ iff p@q ď pqpDr ď qqrr , σ or r , τ s.

This follows from the previous two using σ _ τ ” ␣pp␣pσq _ p␣τqq. 2
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More proofs

p , p@xqφpxq iff for all u P MBrp , φpuqs.

p , p@xqφpxq iff p ď Jp@xqφpxqKB “
Ź

uPMBJφpuqKB. This holds iff p , φpuq for
all u P MB. 2

For a P M , p , p@x P âqφpxq iff p@x P aqrp , φpx̂qs.

p , p@x P âqφpxq Ø p ď Jp@x P âqφpxqKB
Ø p ď

Ź

xPdompâqpâpxq Ñ JφpxqKBq
Ø p ď

Ź

xPapâpx̂q Ñ Jφpx̂qKBq
Ø p ď

Ź

xPaJφpx̂qKB
Ø p@x P aqrp , φpx̂qs.2

p@pqpDq ď pqrq , σ or q , ␣σs.

If p , σ, take q “ p. Else p ę JσKB, so p^ pJσKBq1 ‰ 0; choose q ď p^ pJσKBq1. 2
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p , p@x P âqφpxq Ø p ď Jp@x P âqφpxqKB
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xPdompâqpâpxq Ñ JφpxqKBq
Ø p ď

Ź
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p , p@x P âqφpxq Ø p ď Jp@x P âqφpxqKB
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p , p@x P âqφpxq Ø p ď Jp@x P âqφpxqKB
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(If time, more proofs!)

JσKB “ 1 iff p@pqrp , σs.

If JσKB “ 1, then p ď JσKB for all p, so p@pqrp , σs. If JσKB ‰ 1, then pJσKBq1 ‰ 0,
so there is a q such that q ď pJσKBq1 “ J␣σKB. This leads to q , ␣σ. If we also had
q , σ, then q ď JσKB, so q ď 0, a contradiction. Thus JσKB ‰ 1 implies that there
exists q such that q . σ. 2

p , σ implies ␣rp , ␣σs.

Otherwise p , σ and p , ␣σs hold, so p ď JσKB and p ď J␣σKB “ pJσKBq1, so
p “ 0. This can’t happen. 2
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