
Solutions to HW 5.

1. Let Pn be the R-vector space of polynomials of degree at most n. Let B = (1, x, . . . , xn)
be an ordered basis for this space. Let D : Pn → Pn : f(x) 7→ f ′(x) be the differenti-
ation map (which is linear). Determine B[D]B.

Solution. Since D(xk) = k · xk−1, we get

B[D]B =



0 1 0 0 · · · 0
0 0 2 0 · · · 0
0 0 0 3 · · · 0
0 0 0 0 · · · 0
...
0 0 0 0 · · · n
0 0 0 0 · · · 0


.

2. Using the notation of Problem 1, let Tn : Pn → Pn be defined by Tn(f(x)) = f(x+1).
(Tn is linear.)
(a) Determine B[T3]B.
(b) Predict what B[Tn]B will look like. (You don’t have to verify your guess.)

Solution. Since Tn(xk) = (x + 1)k =
∑k

r=0

(
k
r

)
xr, we get

B[T3]B =


1 1 1 1
0 1 2 3
0 0 1 3
0 0 0 1

 and B[Tn]B =



1 1 1 1 · · ·
(
n
0

)
0 1 2 3 · · ·

(
n
1

)
0 0 1 3 · · ·

(
n
2

)
0 0 0 1 · · ·

(
n
3

)
...
0 0 0 0 · · ·

(
n

n−1

)
0 0 0 0 · · ·

(
n
n

)


.

3. Explain why
(a) D[T ]C · C[S]B = D[T ◦ S]B.
(b) B[id]B = I. (Here “id” refers to the “identity transformation” which is the

transformation id(x) = x.)
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Solution. For Item (a), it suffices to prove that the matrices on the two sides of the
equality symbol agree column by column. For this, it suffices to prove that that both agree
on ei = [bi]B.

(D[T ]C · C[S]B) [bi]B = D[T ]C · [S(bi)]C
= [T (S(bi))]D
= [(T ◦ S)(bi)]D
= D[T ◦ S]B[bi]B.

For Item (b), we need to explain why the ith column of B[id]B is ei. The ith column of

B[id]B is

B[id]B · ei = B[id]B · [bi]B = [id(bi)]B = [bi]B = ei.


