Model Theory Hayden Hollis
Assignment 2 Connor Meredith
Problem 14 Patrick Wynne

14. Let k < A < p be infinite cardinals. Give an example of a structure of
cardinality p that has a substructure of cardinality x but no substructure of
cardinality .

Let M be a set of cardinality p and let X be a subset of M of cardinality «. Let
L := {fap | a,b € M — X} be a language of unary function symbols. We will define a
structure M in this language which has a substructure of cardinality « but no substructure
of cardinality A. Let the underlying set of Ml be M and for every a,b € M — X, define
% : M — M as follows. Given x € M, let

b ifrx=a
f%(z): a ifrx=0»b

x else

Overall, M = (M ; {f}}, | a,b € M — X}). Next, consider the substructure of Ml generated
by X. Since each % fixes every element of X, this substructure has underlying set X.
Thus, this substructure of M has size k.

Now let N be a substructure of M with underlying set N of cardinality greater than or
equal to A. Since A > k and |X| = k, N must contain some point of M not belonging to
X. Let ae N— X and let b € M — X. Since N is a substructure of M, it is closed under

b 50 foy(a) = b e N. Our choice of b € M was arbitrary, so we conclude M — X C N.
Since p is infinite and k < p, we have that |[M — X| = |M|. We therefore conclude that
IN| > |M — X| = pu > A, and so M has no substructure of cardinality .



