Model Theory Connor Meredith
Assignment 1 Vishnu Murali
Problem 10 Mateo Muro

Exercise 1.4.2(b): Let £ be any finite language and let M be a finite L-structure.
Show that there is an L-sentence ¢ such that N F ¢ if and only if V' = M.

We build up ¢ in several steps. Suppose M has size n and write M = {ay, as, ..., an}.
For each k-ary operation symbol o in £, k-ary relation symbol r in £, and variable symbols
Tiy, .oy Tiy, Ty, , define formulae

0Ty, oo i) = Tiry A M@y, s ay) = gy,

O(Ty 5oy Ty ) 7# T4, €lse

¢0($i17""x’ik7‘rik+l) - {
and

—r(xiy, ..., x;,) else

(b?"(mil? -axik) . {T(x“? 7$1k> nr (a“’ ’alk)

Observe that each of the given formulae records partial information about the structure of

M. Next, define
¢o = /\ ¢o(-77)
2€{T1 ..., zp P tL

and
¢r = /\ ¢r<x)
z€{Z1,..;zn }¥

Observe that since M is finite, these formulae are all finite. For each constant symbol ¢, let
b, := (c = z;) where M = a;. Finally, define

¢ = (Elxl) T (Hl'n> [( /\ ¢s) A < /\ X 7é xj) A ((V$n+1) \/ Tpy1 = Iz)]

seL 1<i<j<n 1<i<n

Since L is finite, so too is ¢. We have constructed ¢ to explicitly record all structural
information about M, and M FE ¢ since (ay, ..., a,) is an instance of ¢.

Let N be an L structure. Isomorphic structures satisfy the same sentences, so we need
only show that if NV E ¢, then N' = M. Suppose N E ¢ and let (b, ...,b,) be an instance
of  in N. Then N = {b,...,b,}. Define f: M — N : a; — b;. We will show that f is an

isomorphism.

e Suppose o is a k-ary operation symbol in £ and let (a,, ..., a;,, a;, ) € M**1. Suppose
oM(ay,,...,ai) = as.,,. Then ¢,(zi,...,zi, Tip,,) = [0(xiy, ... xq,) = x4,,,]. Since
(b, ...,b,) is an instance of ¢ in N, we now have that oV(b;,,...,b;) = b;,,. By
definition of f,

ON(f(a’h)’ ) f(alk)) = ON(bin EREE) blk) = bik+1 = f(aik-H) = f(OM(aiu "'7aik))
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e Suppose r is a k-ary relation symbol in £ and let (a;,,...,a;,) € M*. Since (by, ..., b,)
is an instance of ¢ in N, and by definition of ¢,, we have that 7 (a;, ..., a;, ) holds
if and only if 7V (b, ..., bi,) holds. Equivalently, r*(a;,, ..., a;, ) holds if and only if
™ (f(ai,), .., f(a;,)) holds.

M _

e Suppose ¢ is a constant symbol in £ and suppose ¢ = a;. Since (b1, ...,b,) is an
instance of ¢ in A and ¢, = (¢ = x;), b; is an instance of ¢, in N. Hence, ¢V = b,
and so f(cM) = f(a;) = b; = V.

Hence, f is a strong homomorphism. Since it is also bijective, it is an isomorphism.



