Model Theory Connor Meredith
Assignment 1 Vishnu Murali
Problem 12 Mateo Muro

12. Explain why all of the following sets are definable in R = ({reals}; -, +).
(a) The unit interval
(b) {n} for any integer n

(¢) {z} for any algebraic number z

Proof.

(a) We can define the singleton {1} with the formula ¢;(z) = (Vy)(z -y = y). We can
also define the singleton {0} with the formula ¢y(z) = (Vy)(z +y = y). Now define
¢<(z,y) = (F2)(y = v + (2 - 2)). Then the unit interval is defined by

Pp.11(z) = (Fa1)(Jaz)(do(ar) A ¢1(az) A p<(ar, z) A p<(z,as))

As a side note we show that we can also define strict inequality via the formula
d<(z,y) = (F2)((y = x + (2 - 2) A =¢dp(z)). Then the open unit interval is defined
via

dp,11(z) = (Fa1)(Faz)(do(a1) A ¢1(az) A p<(ar, ) A p<(z,az))

(b) We can define the singleton {n} for a positive integer n with the formula ¢, (z) =
(Jar)(é1(ar) A (x = a1 + ay + -+ + a1)), where a; is added n times. This is a finite
formula and well-defined.

(c) We can now define an integer n. We have already defined the positive integers. If n < 0,
we have already defined —n so ¢, () = (Jay)(d—n(a1) A(z+a; = 0)). We can also now
define any rational number 7, via ¢m () = (Ja1)(Jaz)(Pm(a1) A gn(az) A (x - as = ay)).
Suppose x is an algebraic number. We now have the tools to define the set {x}. Since
it is algebraic it satisfies some rational polynomial r,2™ + - - - 4+ r1x 4+ r9. The roots of
this polynomial, A = {z1,...,x.}, is definable by the formula

oa(x) = (3ar), ..., (Fan)(dry(ar1) A+ A @r, (ani1) A (a1 + asx + -+ apyz---x = 0))

If one is dealing with real roots, these roots are linearly ordered. Then one can specify
the [-th root of the polynomial by the formula

on,(x) =(3b1), ..., (Tbr-1)
(DA (b1) A=+ A Pa(br—1) A da(x))A
(P<(br,ba) A p<(ba,b3) A+ A pc(bia, ®) A (T, b0) Av v A P (bl br—1))

]



