Our goal is to prove Los’s Theorem, which asserts that a formula is satisfied by a tuple
in an ultraproduct iff it is satisfied in almost every coordinate modulo U. In order to
compare satisfaction in the ultraproduct with satisfaction in a coordinate structure we refer
the following diagram:

X = {131,372,. } % Hze[ L) Aj
HuAi =B

Here v is a valuation in the product [],.; A;, n is the natural quotient map onto the
ultraproduct B, and 7; is the j-th coordinate projection. Since n and 7; are surjective, any
valuation in B or A; factors through n or 7; respectively. Thus we can compare valuations
in B and A; via valuations in [[,.; A

Theorem 1. (Los’s Theorem) Let {A; | i € I} be a set of L-structures and let U be an
ultrafilter on I. Let B = [[,, A; be the ultraproduct. If v: X — [[,.; A; is a valuation, then
for every formula ¢(x) it is the case that

Bl gnov] dff {iell|A; Eq¢[mov]}el.
Proof. The displayed line in the theorem statement is proved by induction on the complexity
of v, which we may assume is built up from atomic formulas using —, A, 3.

el

Claim 2. (Terms) For any term t, t®[n o v] = [(t%[m; 0 v] | i € I)]g,.
o (t=umxy)
tPnov] = zp[nov] = nowv(xy) = [v(wk)le, = [(we[miov] | i € 1))y, = [(t*[m;00] | i € I)]g,
o (t=rc)
tPnov] = Plnov] =8 =[(c* | i€ D)y, = [(*[miov]|i€ D)y, = [(t*[miov] | i€ )],

o (t=F(t,....tn))
v

| = FB(Enov],... . t8[nowv]) :FB(Kt‘fi[m v i€ Doy, [(tA'[movHiGD]gM)
= [(FAi(tjf"[mov],...,tﬁj[mov]) | i € I)]g, = [(th[miov] | i€ I)]g,

Claim 3. (Atomic formulas)
o (s=t)

sBlnov] = t8n o v]
[(s*[miov] | i € D]g, = [(t*[mi0v] | i € I)lg,
{iel]|stmov] =1t~ [ ov|} el
{iEHAil):(SZ)[ vf el

B (s = t)fnoo
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BE R(t,....tm)[nov] < (tPnov],...,tE[nov]) € R®
G liel| (i mov),... thimov]) e RAY el

Claim 4. (Connectives)

e (7)

< B pnow

o {iel|AiEygmon]t ¢U
o IN{i €T A F plmod]) €U
— {iel|A|E-pmov]} el

B = —pln o]

BE(xA@)nov] < Bl x[novand B | ¢[nov]
o {fiel|AiExmov]}eUUand {i eI | A Eplmov]} el
o {iel|AExmovin{iel |A Eypmov|} el
o {fiel|AE AN mov]} el
Claim 5. (3)
=]

B = Jzrplnov] — there is a valuation v = v such that B |= ¢[n o v']
— {iel|A Eymod|} el
— i eI |A; E Jrppmov]} €U (since m0v =5, m;00)

[<] Assume that {i € I | A; = Jzpp[m ov]} = U € U. For each i € U pick a valuation
w; =¢ m ov such that A; E ¢[w;]. Choose any valuation v': X — []A; such that v' =, v
and m; 0 v = w; when ¢ € U. Then {i € I | A; = ¢[m; o v']} contains U, so B |= ¢[n o v'] by
induction, so B |= Jzip[n o v]. O



