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2: Show that if A is atomic and U ⊆ A is a finite subset of the set un-
derlying A, then AU is atomic.

Solution:
Let U ⊆ A be a finite subset of the set underlying the L structure A. Let ū
be an enumeration of U .

Since A is atomic, every type is isolated. In particular, tpA(āū) is isolated
for any ā ∈ A. Thus there is a formula ϕ(x̄, ȳ) that isolates tpA(āū), i.e.
ϕ(x̄, ȳ) ∈ tpA(āū) is such that for every ψ(x̄, ȳ) ∈ tpA(āū),

A |= ∀x̄∀ȳ(ϕ(x̄, ȳ)→ ψ(x̄, ȳ)).

We will show that ϕ(x̄, ū) ∈ LU isolates tpAU (ā).
Note that ψ(x̄, ȳ) ∈ tpA(āū) if and only if ψ(x̄, ū) ∈ tpAU (ā). Thus

ϕ(x̄, ȳ) ∈ tpA(āū) implies ϕ(x̄, ū) ∈ tpAU (ā). Let θ(x̄) ∈ tpAU (ā). Then
θ(x̄) = ψ(x̄, ū) for some ψ(x̄, ū) ∈ tpA(āū). Therefore,

A |= ∀x̄∀ȳ(ϕ(x̄, ȳ)→ ψ(x̄, ȳ)).

Hence
A |= ∀x̄(ϕ(x̄, ȳ)→ ψ(x̄, ȳ))[ū].

So we have that
AU |= ∀x̄(ϕ(x̄, ū)→ θ(x̄)).

Since this holds for an arbitrary θ(x̄) ∈ tpAU (ā), we have that ϕ(x̄, ū) isolates
tpAU (ā). Thus AU is atomic.

Regards to Professor Kearnes for his help with the solution.
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