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6: Show that the class, K, of well ordered sets is not elementary. (Use the
language of partially ordered sets.)

Proof:

Let ¥ = K*. Define the constants ¢y, ci, Ca,..., the relation >. Let £ be the
language of such constants and >.

Define the sets M, = {xo, z1,...,x,} for each n € w to be a set of n 4 1
elements. Define each L-structure M, over M, by, for i € {0,1,....,n — 1},
M = g; and M = x, for all i > n with ¢; # c; for i # j and 4,5 €
{0,1,...,n}. Each M, is a totally ordered finite set, thus is well ordered.

Note that, for arbitrary n € w, X U{(¢; > cip1) A (¢; # i)t € 1}
is satisfied by M,, for every I C {0, 1,..., n — 1}, which implies every
finite subset of X U {(¢; > ¢i11) A (¢ # ¢iy1)]i € w} is satisfiable. By the
compactness theorem, this implies ¥ U {(¢; > ¢i41) A (¢ # cip1)]i € w} is
satisfiable.

Let N be an L—structure satisfying 3 U {(¢; > ¢ii1) A (¢; # civ1)]i €
w} existing by the compactness theorem. Note that N contains an infinite
descending chain, so is not a well ordered set, and N = XU{(¢; > ¢;11)A(¢; #
ciy1)]i € w} implies N |= 3. This means (K1)t = ¥4 # K, making K not
an elementary class.



