Math 6000: HW #1 Trevor Jack / Kevin Berg

4. We wish to show that the class of simple groups, K, is not elementary in the lan-
guage of groups, £. We suppose that I is elementary in anticipation of a con-
tradiction — therefore, let 7' be an L-theory such that K = {M : M ET}. We
use the shorthand notation ¢, (x) to denote the L-formula z-x- (n-times)-z = e.
Let " =TU{VaVyz-y=y-a}U{Ve =(z =¢e) = ~dn(x) : n € Zxa}.

We claim that any finite subset of 7" has a simple group as a model. Let S be
such a finite subset. If S C TU{VaVy x -y =y - x}, then Z/27Z F S, and the
claim holds. If S ¢ T'U{VaVy x -y = y - x}, then by finiteness there exists a
maximal integer N such that the sentence Vo —(x =€) — ¢y (z) isin S. Let
p denote a prime with p > N — then Z/pZ E S. In either case, the claim holds.

By compactness, therefore, we have that 7" is satisfiable — however, T” describes
an abelian simple group where every non-identity element has infinite order,
and the only abelian simple groups are the cyclic groups of prime order [1, p.
29]. This is a contradiction, and thus K is not elementary.
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