Problem 5.6
Homework 3

C. Blakestad, C. Bridges, E. Shannon

Lemma. The element Y oqa;t’ € R[[t]] has a left inverse Y o0, bt € R[[t]] if and only if
ag has a left inverse in R.

Proof. We have the product

00 00 co 1
E bitz E aﬂfz = E 1 ja]
=0 =0 =1 J:

If >0, b; ey 20 a;t* = 1 then clearly bgpag = 1 so ag has a left inverse.
Conversely, we will prove by induction on i that there exists a set of b; € R such that
boap = 1 and 375 (bi—ja;) = 0 for i > 1. Clearly by exists by assumption. Assume the

claim is true for ¢ — 1. Define b; = — Z;Zl(bi_jaj)bo. Then

> (bimja) = biag+ Y (bija;) = = > (bi—jaj) + Y (bi—ja;) =0

§=0 j=1 j=1 j=1
so the claim holds for 4, hence for all 7. This sequence of b; clearly generates a left inverse
of Y20, at. O
Problem 5.6. Let J be the Jacobson radical of ring R. Then the Jacobson radical R of
RI[[t]] is J + tR[[t]].

Proof. Let Y 5% a;it’ € R. Then 14 b> 52, a;t’ has a left inverse in R[[t]] for any b € R,
hence 1+ bag has a left inverse in R for all b € R. This is exactly the condition for ag € J,
hence R C J + tR[[t]].

Conversely, if Y 2% a;t" € J + tR][t]], ie ap € J and a; € R arbitrary for i > 1, then

1+ Z bit' Z ait’ = (1+boao) + Z Z(bi—jaj)tz
=0 1=0

i=1 j=0

and 1+bpag has a left inverse in R, hence 1+ 50, b;it" > 2% a;t’ has a left inverse in R[[t]],
with Y20, b;t" arbitrary. Hence > o2 a;t' € R and J + tR[[t]] C R.
O



