Problem 1 Scott Andrews, Cliff Bridges, Matt Hartman
Let V be an infinite dimensional D-vector space.

(a) Show that if I is a 2-sided ideal of R = Endp (V) and r € I — {0} has infinite rank A, then I
contains every element of r whose rank is < A.

Let s € R have rank < ); then dim(ker(s)) > dim(ker(r)), and there exists an isomorphism f € R
such that ker(r) C f(ker(s)). Note that ker(rf) C ker(s), and in particular if s(v;) # s(vg) then

rf(vi) # rf(va).
Define g : V. — V by extending the endomorphism defined by
g im(rf) =V
rf(v) = s(v)

to all of V' (Note: g is well-defined by the above remark and an endomorphism as s and rf are
both endomorphisms). Then s = grf, and in particular s € I.

(b) Show that the two-sided ideals of R are of the two types
I, ={e € R|rank(e) < \}
Iy ={e € R |rank(e) < A}

for some infinite cardinal A < Dimp (V).

Lemma: Let I be a two-sided ideal of R, and let r € I — {0} be an element of finite rank n. Then
I contains all elements of R of finite rank.

Proof. Note that the proof of part (a) does not rely on r having infinite rank; it suffices to show
that I contains some element of rank > n, and the result will follow by induction.

Let {r(v1),...,7(v,)} be a basis of im(r), and let v,,11 and w be elements of V such that {v1, ..., vp11}
and {r(v1),...,7(v,), w} are linearly independent sets and r(v,4+1) = 0. Let f € R be an endomor-

phism such that
N (% ifi=n+1
Flvi) = { 0 else

and let g € R be an endomorphism such that gr(v;) = w.

Consider h = r + grf; as h(v;) = r(v;) for 1 <i < n and h(v,4+1) = w, it is clear that h has rank
greater than n. It follows that A is the desired element of I.
O

Now let I be an ideal of R, and let

A = sup(rank(r))
rel

By the lemma, A is an infinite cardinal. If there exists r € I with rank(r) = A, then I contains all
elements of R with rank < X\ by part (a). By the definition of A, no elements of R of rank > X are
contained in 7, hence I is of the form I<).

Now assume there is no r € [ with rank(r) = A; let » € R with rank(r) = ¢ < A. By definition of
A, there exists s € I with rank(s) > pu, hence by part (a) r € I. It follows that I is of the form I_).



