
Math 6250 HW 1, Lam Exercise 1.7 A. Moore, E. Shannon

Problem. Let B1, . . . , Bn be left ideals (resp. ideals) in a ring R. Show that R = B1 ⊕ · · · ⊕ Bn

iff there exist idempotents (resp. central idempotents) e1, . . . , en with sum 1 such that eiej = 0
whenever i 6= j, and Bi = Rei for all i.

In the case where the Bi’s are ideals, if R = B1 ⊕ · · · ⊕Bn, then each Bi is a ring with identity ei,
and we have an isomorphism between R and the direct product of rings B1 × · · · ×Bn. Show that
any isomorphism of R with a finite direct product of rings arises in this way.

Solution. (⇒) Assume that R = B1 ⊕ · · · ⊕Bn for some left ideals Bi. Therefore each r ∈ R can
be written uniquely as b1 + b2 + . . . + bn, with bi ∈ Bi for each i. In particular, there is a unique
way of writing 1 as the sum of elements of these Bi. Let

1 = e1 + · · ·+ en,

where ei ∈ Bi.

We know that Rei ⊆ Bi because ei ∈ Bi and the Bi are left ideals.

Let b ∈ Bi. Then b = b · 1 = be1 + · · · + ben. Since each bej ∈ Bj , and the way of writing b as a
sum of elements from the various Bj is unique, it must be that bei = b and bej = 0 for j 6= i. The
first consequence is that b = bei ∈ Rei, and therefore Bi ⊆ Rei. Since we already demonstrated the
other containment, now we have Bi = Rei.

Replacing b with ei in the computation above, we see that e2i = ei and that eiej = 0 for i 6= j.

In the special case where the Bi are two-sided ideals, we have additionally that eiR ⊆ Bi, and if
b ∈ Bi then b = e1b + e2b + . . . + enb, giving (by uniqueness of writing b) that eib = b and ejb = 0
for j 6= i. To see that the ei are central, let r ∈ R, and write r = b1 + b2 + . . . + bn where bi ∈ Bi

for each i. Then

eir = eib1 + eib2 + . . . + eibn = eibi = bi = biei = b1ei + b2ei + . . . + bnei = rei.

(⇐) Now assume that R has a set of left ideals B1, . . . , Bn, along with elements ei ∈ Bi such that
Bi = Rei, the sum e1 + . . . + en = 1 and eiej = 0 for i 6= j.

The sum B1 + . . . + Bn is a left ideal containing e1 + . . . + en = 1, and hence must equal R.

Let r ∈ R and suppose that r = b1 + b2 + . . . + bn = c1 + c2 + . . . + cn, where bi, ci ∈ Bi. Then
0 = (b1 − c1) + (b2 − c2) + . . . + (bn − cn). Note bi − ci ∈ Bi for each i. Since Bi = Rei by
assumption, we can write bi− ci = riei for some ri ∈ R. So 0 = r1e1 + r2e2 + . . .+ rnen. Therefore
0 = (r1e1 + · · ·+ rnen)ei = 0 for any fixed i. But this simplifies out to 0 = rie

2
i = riei = bi − ci. So

bi = ci.

Therefore r is written uniquely as a sum of elements of the Bi, and R = B1 ⊕ · · · ⊕Bn.

In the special case where the ei are central idempotents, we have Bi = Rei = eiR are two-sided
ideals.
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In the case where the Bi’s are ideals, if R = B1 ⊕ · · · ⊕Bn, then each Bi is a ring with identity ei,
and we have an isomorphism between R and the direct product of rings B1 × · · · ×Bn.

Now suppose that R = B1 ⊕ · · · ⊕ Bn where the Bi are ideals. We already showed that if b ∈ Bi

then b = bei = eib (since the ei are central in this case). So ei acts as a two-sided multiplicative
identity on the ideal Bi.

Define ϕ : R → B1 × · · · × Bn by ϕ(r1 + · · · + rn) = (r1, . . . , rn), where ri ∈ Bi. Clearly ϕ is a
bijection since any element of R can be written uniquely as r1 + · · ·+ rn, with ri ∈ Bi.

Claim. ϕ is a ring isomorphism.

If r, s ∈ R with r = r1 + · · ·+ rn and s = s1 + · · ·+ sn, with ri, si ∈ Bi, then

ϕ(r + s) = ϕ(r1 + · · ·+ rn + s1 + · · ·+ sn)

= ϕ(r1 + s1 + r2 + · · ·+ rn + sn)

= (r1 + s1, . . . , rn + sn)

= (r1, . . . , rn) + (s1, . . . , sn)

= ϕ(r) + ϕ(s).

and

ϕ(rs) = ϕ((r1 + · · ·+ rn)(s1 + · · ·+ sn))

= ϕ

(
n∑

i=1

ri(s1 + . . . + sj)

)

= ϕ

(
n∑

i=1

risi

)
since risj = 0 when i 6= j

= ϕ (r1s1 + · · ·+ rnsn) where risi ∈ Bi for each i

= (r1s1, . . . , rnsn)

= (r1, . . . , rn)(s1, . . . , sn)

= ϕ(r)ϕ(s).

Moreover, the multiplicative identity in B1 ⊕ · · · ⊕ Bn is (e1, . . . , en), and one of our
assumptions gives that

ϕ(1R) = ϕ(e1 + · · ·+ en) = (e1, . . . , en).

So ϕ is a ring homomorphism, and has inverse given by (r1, · · · , rn) 7→ r1 + · · ·+ rn. So
R is isomorphic to B1 × · · · ×Bn.

Any isomorphism of R with a finite direct product of rings arises in this way.

Let R,A1, . . . , An be rings and suppose ϕ is a ring isomorphism from A1 × · · · ×An to R.

For each i, define ai ∈ A1 × · · · × An by ai = (0, . . . , 0, 1, 0, . . . , 0) where 1 occurs in the ith place.
Note that for each i, we have
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• a2i = ai,

• aiaj = 0 when i 6= j,

• ai is central in A1 × · · · ×An, and

•
n∑

i=1

ai = (1, . . . , 1) acts as a multiplicative identity in A1 × · · · ×An.

For each i, define ei ∈ R by ei = ϕ(ai). Since ϕ is an isomorphism, for each i we immediately have

• e2i = ei,

• eiej = 0 when i 6= j,

• ei is central in R, and

•
n∑

i=1

ei acts as a multiplicative identity in R.

Define Bi = Rei for each i. Since the ei are central in R, these Bi are two-sided ideals of R as
desired. The first result now tells us that R = B1 ⊕ · · · ⊕Bn.


