Normalized Cochains

A cochain f is normalized if f(z1,...,2,) = 0 whenever some z; = 1.

Theorem 1. The cohomology groups H™(G, A) for unnormalized cochains are the same as
those for normalized cochains.

This theorem follows from the following two lemmas.
Lemma 2. Fvery unnormalized cocycle is cohomologous to a normalized cocyle.

Lemma 3. A normalized coboundary is the image of a normalized cochain under the bound-
ary map.

In turn, these lemmas follow from Lemma 4. To state it, let f denote an n-cochain and

define fy := f, fix1 = fi — 0gix1 where
(1) gi+1($1, c. ,xn,l) = (—1)1.]6@(,271, R T 1, Litly - - ,$n,1).
Since f; — fix1 = 0g;11 is a coboundary, we have f; ~ f; 1 for all i, hence f = f, ~ f; for all

1. Since cohomologous cochains have the same image under 0, we have 0f = df; for all 7.
Call a cochain i-normalized if f(z1,...,2,) =0 whenever some z; =1 for j € {1,...,7}.

Lemma 4. If Of is normalized, then f; is i-normalized for all i.

Proof. The proof is by induction on i, with the case i = 0 being trivial. So assume that 0f
is normalized and f is i-normalized, and let’s show that f;,; is (i + 1)-normalized.

Claim 5. f;,1 is i-normalized.

Since f;11 = fi—0g;11 and f; is i-normalized, it suffices to prove that dg;,, is i-normalized.

6gi+1($1, L 7xn) =1 gi+1($2,3337 ceey xn) - gi+1(9311‘23$33 e 7xn)
(2) + git1(z1, 2223, .., Tn) — Git1(21, T2, T3T4, ..., Ty) + -
+ (=) gipi(z1, 22, .., @p1@n) + (—1)"gig1 (T1, 22, ., Tpo1).
It is clear from (1) that g;+; is i-normalized if f; is. So if we substitute z; = 1 for any
j €{1,...,i}, then all terms in (2) become zero except two. The remaining two are equal

terms with opposite sign, so they cancel. Hence dg;,; is indeed ¢ normalized, and the claim
is proved.

To complete the proof that f;,; is (i+1)-normalized we must show that fiq(z1,...,2,) =
0 whenever z;,1; = 0. The idea to prove this is simple. We expand
(3) fi+1(~r17'"7xi717xi+27"'7xn>

in terms of f; and use the fact that f; is i-normalized to show that many of the terms of the
expansion are zero. Then we expand

(4) 8fi(l'1,...,xi71,1,$i+2,...,$‘n)

in terms of f; and do the same thing. The terms we end up with are the same up to sign.

Thus (3) equals zero iff (4) equals zero. But df = Jf;, so we can replace f; in (4) with f,
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and use the hypothesis that df is normalized to prove that (4) is indeed zero. This will
complete the proof.

So it remains to expand (3) and (4) and examine what kind of cancellation takes place.
Expanding (3) using the definition of f;;, we get

fitr1(@1, @iy Lizigo, o oan) = fi(zr, .24, L, @ig2, .., Tn)
—21 - git1(T2, 23, ..., T, L, Tiyo, ..., Tn)
+Z;;11(—1)j71gi+1($1,. e Ty Ty 1,zi42,... ,:cn)
(5) (-1 tgir1i(@1,. . im1, % - L, Tig, ..., @n)
(—l)ig,H_l(:El, e s Lj—15TLq, 1- IE.H_Q, .. .,In)
+Z;‘L:7il+2(_1)J719'i+1(I17 co @i L i, TG, 1 Tn)

+(=D"gir1 (1, @iy L, g2,y Tno1).
Since f; is i-normalized, g;11 is é-normalized. Thus, the second and third lines of (5) are

zero. The fourth and fifth lines are equal with opposite sign, so they cancel. Let us use the
definition of g;4; to rewrite what remains (the first, sixth and seventh lines) in terms of f;:

fivx1(x1, .z, Laiga, . 2n) = fi(z1,... 2, L, ziq2,. .., 2Zn)
-1 i
(6) +Z;'L:i+2(_1)l+J i@y, i, 1,1, @ige, o TT01, -, Tn)
+(=D)" P fi(n, .z L L g, T ).

Expanding (4) we get
Ofi(w1, .y xi, L, Lziyo, o oson) =21 fi(w2,. ., @i, 1,1, %40, .., 2n)
+ ;;11(_1)sz($17 ey LT 41y ey Ty 17 17$i+27 oo 7$7L)
=Dz, wimn, @i LLwigo, .o 2n)
(7) (D) fi(er, @m0, 1 Lz, o 20)
(_1)Z+2fi($17 R TR L,1-zip2,..., Z'n)
+ Z;};i1+2(71)]_1f¢(x1, ey Xy 1 1,x¢+2, e TGT Ty ey :En)
+H(=D" fi(wr, ..z, L, L, 2iq2, 00, Tn—1).
The first and second lines are zero because f; is i-normalized. The next three lines are equal
but with alternating signs, so lines three and four can be canceled. Multiplying by (—1)" we
get
(=D0fi(z1,. .z L, Lwiga, .. zn) = fil@1,. .. 21,20, 1, Tig2, ..., Tn)
(8) +Z;~L:_i1+2(—1)’+3_lfi(3317~-,ﬂfi,1717$i+27~~~7$j$j+1,-~,$n)
H=D)" i f(@a, w1 L @iga, - Em),
proving that (3) and (4) have the same expansions up to sign. Since df; = Jf is normalized,
the expansion of (4) is zero, hence the expansion of (3) is also zero, completing the proof
that fiy1 is (¢ + 1)-normalized. O



