Definitions of (Co)homology in Algebra: Groups and Associative Algebras

Main topics: modules, enveloping algebras, semidirect products, (co)invariants, (co)homology.

I. Groups

Definition 1. Let G be a group. A G-module is an abelian group U equipped with a
homomorphism ¢: G — Aut(U). (We often write gu or g - u for v(g)(u).)

Intuition/theorem: U is a G-module iff there is an exact sequence of groups 0 — U R
A5 G — 0with U abelian such that for g € G and § € 7~1(g) it is the case that v;(u) = gu.

Definition 2. The enveloping ring of G is Z|[G].

There is an obvious adjunction Hompgine(Z[G], R) = Home,, (G, R*) converting between
G-modules and Z[G]-modules.

If U is a G-module, then an element u € U is G-invariant (or a fized point) if gu = u for
all ¢ € G. The collection U of all G-invariant elements is a submodule of U, and the map
U — UY is the object part of a functor. The morphism part is just restriction: if a: U — V,
then a|yc: UY — V9 is the associated morphism. This functor is left exact but not fully
exact.

Example 3. (U +— U% is not left exact) Let the 2-element group G act on abelian groups
by inversion. The usual exact sequence 0 — Z — Q — Q/Z — 0 of abelian groups is an
exact sequence of G-modules. The sequence of invariant modules 0 — 0 — 0 — ([%]) — 0

is not exact on the right.

To see that this not-fully-exact functor is left exact we identify it with a hom functor.
Observe that u € U is invariant iff it is annihilated by ¢ — 1; i.e., gu = w iff (¢ — 1)u = 0.
Each element of U is the image of a unique Z[G]-module homomomorphism Z[G] — U,
namely the one ( = p,) that sends 1 to u. The element u € U is invariant iff g — 1 € ker(p,)
for all g € G, equivalently iff p, factors through the augmentation map Z[G] = Z: G + 1.
One can check that there is a natural isomorphism from the invariants functor U — U% and
the functor Homg(Z, U).

The invariants submodule UY is the maximal G-submodule that consists of invariant
elements. Similarly we can define the module Uy of coinvariants of U to be the maximal
G-quotient module that consists of invariants, U/({(g — 1)u}). The map U + Ug is the
object part of a functor that is naturally isomorphic to Z ®zq

Definition 4.

e H,(G,U) := TorXCN(z,1).
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I1. Associative algebras

Definition 5. Let A be an associate algebra over a commutative ring k.

(Version 1) An (A, A)-bimodule is a k-module U equipped with a left A-action A x U —
U: (a,u) — au and a right A-action U x A — U: (u,a) — ua such that the associative law
holds: (aju)as = a;(uas).

(Version 2) An (A, A)-bimodule is a k-module U equipped with a pair of homomorphisms
o \: A— Endi(U)
o p: A — End(U)

such that the images of A\ and p commute.

Intuition/theorem: U is an (A, A)-bimodule iff there is an exact sequence of k-algebras
0— U - B A— 0 with U abelian such that for a € A and @ € 7~!(a) it is the case that

Tl (1) = Na(w) = du and T (w) = pa(u) = ua.

Definition 6. The enveloping algebra of A is A @ A°P.

There is an adjunction Hompgj,e(A ®; A%, R) = Homp(A, R) where objects in D are k-
algebras and maps are pairs (A, p) where A\: A — R is an algebra homomorphism, p: A — R
is an anti-homomorphism, and the images of A and p commute.

If U is an (A, A)-bimodule, then an element u € U is invariant if A,(u) = p,(u) for
all @ € A. The collection U4 of all A-invariant elements is a submodule of U, and the
map U +— U? is the object part of a left exact functor. An element u € U is invariant
iff the map of bimodules A ®; A? — U:1® 1 +— wu factors through the augmentation
map AR, A®? 5 A:1® 1 — 1. One can check that there is a natural isomorphism from
the invariants functor U — U and the functor Hompgg a0 (A, U). Similarly the module of
coinvariants can be defined, and the coinvariants functor can be shown (or defined) to be
AR _.

Definition 7.

o H"(A,U) = Extlig, 400 (A, U).
o H, (A U) := Tor 4" (A, U).

Bimodule actions come up in the definition of semidirect products of associative algebras.
If0—1— B — A — 0 is split, then we can identify B with I & A as k-modules and
then the multiplication of B must be (i + a)(i’ + a’) = (i’ + ia’ + i'a) + aa’. Thus the ring
multiplication on B is given by the ring multiplications on I and A together with an (A, A)-
binodule action on I. The bimodule action on I should be consistent with the multiplication
on I in the sense that a(it’) = (ai)?, (i7")a = i(i'a) and (ia)i’ = i(a?’).

Definition 8. Given associative k-algebras I and A and a multiplicative (A, A)-bimodule
structure on I the semidirect product I x A is the k-module I & A equipped with the
multiplication (¢, a)(i',a") = (it 4+ pa (i) + Aa(i'), ad’).

Semidirect products describe the structure of split extensions.



