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Adjoints on limits

Thm. Right adjoints preserve limits; left adjoints preserve colimits.

Proof. Assume ϕ : HomC(F(Y), X)→ HomD(Y, G(X)) is a natural
isomorphism and D : J → C is a diagram with lim←−D = (L, λ).
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Proof continued

We choose maps from F(c) to D(J) to be those in ϕ−1(γ)

To show:
(1) (F(c), ϕ−1(γ)) is a cone to D.
(2) ϕ(θ) is a cone morphism.
(3) ϕ(θ) is the unique cone morphism from (c, γ) to (G(L), G(λ)).
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(1) (F(c), ϕ−1(γ)) is a cone to D

-

�

G

F

&%
'$

D(J)

F(c)

&%
'$c

GD(J)

G(x)

G(f )

g

h

G(y)

R
�
j

x
f

y

�
R
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Must show: h = G(f ) ◦ g implies ϕ−1
c,y (h) = f ◦ ϕ−1

c,x (g).
Recall: ϕ−1

c,y (h) = εy ◦ F(h) where ε : FG→ I is the counit of the adjunction.

ϕ−1
c,y (h) = εy ◦ F(h)

= εy ◦ F(G(f ) ◦ g)
= εy ◦ F(G(f )) ◦ F(g)
= f ◦ εx ◦ F(g)
= f ◦ ϕ−1

c,x (g)
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(2) ϕ(θ) is a cone morphism
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Must show: ` ◦ θ = ϕ−1
c,x (g) implies G(`) ◦ ϕc,L(θ) = g .

G(`) ◦ ϕc,L(θ) = G(`) ◦ G(θ) ◦ ηc

= G(` ◦ θ) ◦ ηc

= G(ϕ−1
c,x (g)) ◦ ηc

= ϕc,x(ϕ
−1
c,x (g))

= g
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(3) ϕ(θ) is unique

The previous argument showed that if θ : F(c)→ L is a cone map, then
ϕ(θ) : c→ G(L) is a cone map.

The reverse is true, too.
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implies the uniqueness of ϕ(θ).
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Consequences and remarks

(1) Direct sum of modules is a colimit, so it is preserved by left adjoints like
⊗M.

(2) Directed union is a colimit, so it is preserved by ⊗M.

(3) The theorem can be used to prove some functors don’t have adjoints. E.g.,
the functor A 7→ A⊕ Z has neither a right or left adjoint.

(4) Limits over a fixed category J (when they exist) yield a functor
lim←− : AJ → A. Colimits over J yield a functor colim = lim−→ : AJ → A. These
are right and left adjoints to the diagonal functor ∆: A → AJ . E.g.,

HomAJ (∆c, D) ∼= HomA(c, lim←−D).

(Lefthand side = cones to D; righthand side = maps to the limit.)

(5) In particular, the limit functor is left exact and the colimit functor is right
exact. The situation where such functors are fully exact is important, since
homology commutes with exact functors.
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