
Problem 6. (Martinez, Selker). Given a homomorphism ϕ : G′ → G one can convert any
G-module into a G′ module by restriction of scalars. Show that such a function induces an additive
homomorphism on n-cochains:

ϕ̂ : Cn(G, A)→ Cn(G′, A) : f 7→ f ◦ ϕn.

Show that ϕ̂ maps cocycles to cocycles and coboundaries to coboundaries, hence determines a ho-
momorphism Hn(G, A)→ Hn(G′, A).

Solution. Given a group G and a G-module A we use the resolution

· · · → Z[G2]→ Z[G]→ Z

to compute cohomology as Ext. We can define the maps Z[Gn+1]→ Z[Gn] on the generators by

[g1| . . . |gn] 7→ g1[g2| . . . |gn]

+
n−1∑
i=1

(−1)i[g1| . . . |gigi+1| . . . |gn]

+ (−1)n[g1| . . . |gn−1].

We claim that the map ϕ̂ is an additive homomorphism Cn(G, A) → Cn(G′, A). First note that
ϕ̂(f) ∈ Cn(G′, A), as if [g′1| . . . |g′n−1] ∈ Z[G′n] then [ϕ(g′1)| . . . |ϕ(g′n−1)] ∈ Z[Gn]. Thus we have that
f ◦ ϕn : Z[G′n] → A. Now let f, h ∈ Cn(G, A) and g′ = [g′1| . . . |g′n−1] ∈ Z[Gn]. Denote gi = ϕ(g′i)
for i = 1, . . . , n− 1. Then

ϕ̂(f + h)g′ = (f + h)[ϕ(g′1)| . . . |ϕ(g′n−1)]
= [f(g1) + h(g1)| . . . |f(gn−1) + h(gn−1)]
= [f(g1)| . . . |f(gn−1)] + [h(g1)| . . . |h(gn−1)]
= ϕ̂(f)(g′) + ϕ̂(h)(g′).

Checking that ϕ̂ maps cocycles to cocycles and likewise for coboundaries amounts to checking
that ϕ̂ is a chain map of abelian groups, i.e. that ϕ̂dn = d′nϕ̂, where d• and d′• are the boundary
maps of C•(G, A) and C•(G′, A), respectively. Let f ∈ Cn(G, A) and g′ = [g′1| . . . |g′n] ∈ Z[G′n+1],
and again denote gi = ϕ(g′i) for i = 1, . . . , n. Now we compute:

(f ◦ dn ◦ ϕn)(g′) = f ◦ dn([g1| · · · . . . |gn])

= f

(
g1[g2| . . . |gn] +

(
n−1∑
i=1

(−1)i[g1| . . . |gigi+1| . . . |gn]

)
+ (−1)n[g1| . . . |gn−1]

)

= f ◦ ϕn−1

(
g′1[g′2| . . . |g′n] +

(
n−1∑
i=1

(−1)i[g′1| . . . |g′ig′i+1| . . . |g′n]

)
+ (−1)n[g′1| . . . |g′n−1]

)
=
(
f ◦ ϕn−1 ◦ d′n

)
(g′)
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