
HOMOLOGICAL ALGEBRAASSIGNMENT 4CHRIESTENSON, LIProblem 6: (Weibel Exerise 3.1.3) Show that TorR
1
(R/I,R/J) ∼= I∩J

IJ for any right ideal I andleft ideal J in the ring R.Proof: We �rst note that from the short exat sequene
0 −−−−→ I −−−−→ R −−−−→ R/I −−−−→ 0We get the derived long exat sequene by tensoring on the right with R/J

· · · −−−−→ TorR1 (R/I,R/J) −−−−→ I ⊗R R/J −−−−→ R⊗R R/J −−−−→ R/I ⊗R R/J −−−−→ 0Now notie that R ⊗R R/J ∼= R/J . We also may de�ne maps η : I/IJ → I ⊗R R/J and ν :
I ⊗R R/J → I/IJ by η(i + IJ) = 1 ⊗ (i + J), and ν(j ⊗ (r + J)) = jr + IJ , for any i, j ∈ I and
r ∈ R. It is easy to see that η is a well de�ned R-module homomorphism sine IJ ⊆ J , and ν islearly a well de�ned R-module homomorphism by the universal property of tensor produts. Wealso have that

ην(j ⊗ (r + J)) = η(jr + IJ) = 1⊗ (jr + J) = j ⊗ (r + J)and
νη(i+ IJ) = ν(1⊗ (i+ J)) = i+ IJThus we have that I/IJ ∼= I ⊗R R/J .Now using the short exat sequenes with the obvious inlusion and projetion maps

0 −−−−→ IJ −−−−→ I −−−−→ I/IJ −−−−→ 0and
0 −−−−→ J −−−−→ R −−−−→ R/J −−−−→ 0and the above isomorphisms we have the following diagram with the middle two rows exat1
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Jwhere the left two vertial maps in the middle are inlusion maps. Notie the right olumn is exatby what was said at the beginning, and the other two olumns are made exat by inserting theappropriate okernels with their unique morphisms at the bottom.It is easy to see that everything in the above diagram ommutes exept maybe the right square
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−−−−→ R⊗R R/JWhere the pi's are the natural projetions, j is the natural inlusion and t is the isomorphism
R/J ∼= R⊗R R/J : r + J 7→ 1⊗ (r + J). To see this is ommutative we let i ∈ I then

(j ⊗ 1R/J )ηp1(i) = (j ⊗ 1R/J )η(i + IJ) = 1⊗ (i+ J) = 1⊗ p2(i) = tp2(i) = tp2j(i).Thus the above diagram is ommutative.Sine the middle two rows are exat, the snake lemma assures us that there is a long exat sequene
0 −−−−→ TorR1 (R/I,R/J) −−−−→ J/IJ −−−−→ R/I −−−−→ R/I ⊗R R/J −−−−→ 0Thus we have that TorR

1
(R/I,R/J) is isomorphi to the kernel of the indued map ι : J/IJ → R/I.Sine ι is indued from the inlusion J → R we have that ι is given by ι(j + IJ) = j + I for any

j ∈ J . It is lear that if j ∈ J is suh that ι(j + IJ) = 0 + I then j ∈ I, hene I ∩ J/IJ ⊆ ker(ι).Conversely if j ∈ J suh that j + I /∈ I ∩ J/IJ then we have that j /∈ I so ι(j) 6= 0 + J . Thus
ker(ι) ⊆ I ∩ J/IJ . Therefore we have that TorR

1
(R/I,R/J) ∼= ker(ι) = I ∩ J/IJ . This is what wewanted to prove.


