Moorhead, Tuley

Exercise 3.6

Prove that homology commutes with exact additive functors. That is, if F' : gMod — gMod is an ezxact
additive functor, then for every complex C of R-modules and every n € Z there is an S-module isomorphism
H,(F(C)) = F(Hn(C))-

Suppose we are given the following complex C' of R-modules:

dy dy dy—
Cn+1 o, Cn > Unp—1 !

Applying F to each component and differential of C will give us the following sequence F(C):

F(dnt1) F(dn)

F(en) T pe,yy Flnm)

. F(Cn+1)

Because F' is additive, we have that F(dn41) o F(d,) = F(dn41 0dyn) = F(0c,.,,c,_,) = 0, and therefore
F(C) is a complex of S-modules.
The nth homology of C' and F(C') respectively are expressed by the following short exact sequences:

0 eI, ——— K, — 2 H,(F(C)) —— 0

n

Here I,,41 and K, are the image and kernel of d,,; and d,, respectively, I, and K|, are the image and
kernel of F(d,+1) and F(d,), and ¢ and v are the usual inclusion and projection maps associated with a
quotient. Because F' is exact, taking the image of the first of these short exact sequences gives another short
exact sequence:

FO) ey F0)

0 F(In+1) F(Kn) F(Hn(c)) — 0

Suppose now that there exist isomorphisms «, 11 and 3, such that the following diagram (*) holds:

0 Flen) 29 pe) 9 p, ) —— 0
Qp41 o ﬁn
0 -1 LKk H(F(C) —— 0

Then 0 = F(v) o F(1), hence 0 = F(v) o 371 o1/ o & because the square commutes. Composing both sides
with a~! gives 0 = F(v) o 371 o//. Now v/ is the cokernel of ¢/, hence the universal property of cokernels
gives a map v : H,(F(C)) — F(H,(C)) where yvo1v' = F(v) o 37!, An identical argument gives a map



v F(H,(C)) — H,(F(C)), where v/ o F(v) = v/ o 3. Therefore yov'of3 = F(v), whence v oyor'o3 = v/0f.
The composition of two epimorphisms is epic, so 7' oy = id. Therefore the following diagram is commutative,
and -y is the desired isomorphism, provided « and 3 exist.

0 Fla) 29 pex,) £ pa, ) —— 0
Apt1 o fn © vy :
/ / A

0 eI K, — e H(F(C)) — 0

We must now demonstrate the existence of (*). Consider the following diagram consisting of S-modules:

F(dn)

F(Cyp) F(Cp-1)
id o id
F(C) P pe, )

Now d,, has an epi-mono factorization in g Mod, given by C,, = I,, £ C,_1, and F (d,) has an epi-mono
factorization in ¢ Mod, given by F(C,) <= I' 5 F(C,_1). Note also that F(d,) = F(uo€) = F(u) o F(e),
hence the image of the epi-mono factorization C, 5 I, LN Cp_1 under F' is an epi-mono factorization

of F(d,). By problem 2.5 we then have that the following diagram commutes, hence «;, is the desired
isomorphism between F(I,,) and I},.

ey 2O piry 24 pe, )
id o apn| |l o id
FC) — e 1 — P pen )

We use the commutativity of the first square to find an isomorphism 3, : F(K,) — K. The map d,, is

expressible as 0 — K, LR C, = I, — 0. We inject kernels on the left of the above diagram to produce the
following diagram of short exact sequences. The proof of the existence of 3, is the dual of that given earlier
when proving the existence of 7, and is not repeated.

F F
0 r(x) T pioy 29 py) - 0
ﬁn : o id o «
\{ / ’
0 AL T R B - 0

Having produced the desired isomorphisms, it remains to show that the following square commutes:



Fllo) 24 Pk,
Qp+1 o ﬁn

/

K/

!
In+1

This is shown in the following diagram, in which all vertical rectangles commute.

F(e
F(KrH—l) > F(Cn+1) ( ) > F(In-‘rl)
>
_ C
id éxy Qnt1
F(6
B F(x,) 20 - F(Cy) - F(L,)
Bn
Y 6/ Y
K’I/'L"rl > F(Cn-‘rl) > I;L-i-l Qnp
P2
(o
%
X
Y 6/ A Y
Kr/z > F(Cn) > Irlz

Comparing this diagram to (*) we see that F(1) = F(§) "o F(d,+1)oF(e)~}, and // = (§') Lo F(dyy1)0
(¢")~1, where these inverses are formed by choosing representatives. This process is well defined, because
it is well defined back in gMod, and F respects composition of morphisms. The commutativity of vertical
rectangles in the above diagram then implies that 3, o F(¢) = ¢/ o ajpt1, as desired. Hence the diagram (¥*)

exists, and the proof is complete.



