
Tyson Gern, John Hower Homework 3, Problem 5 March 11, 2010

Problem 5. Show that C• is a split exact chain complex if and only if the identity map on
C• is null homotopic.

Solution. Let C• be a chain complex such that the identity iC• on C• is null homotopic.
Then in = dn+1sn + sn−1dn for some chain homotopy {sn}. Thus

dn = dnin = dn(dn+1sn + sn−1dn) = dndn+1sn + dnsn−1dn = dnsn−1dn,

so C• is split. Furthermore, since iC• is null homotopic, (in)∗ : Hn(C•)→ Hn(C•) is the zero
map 0∗, so Hn(C•) = 0, thus C• is acyclic.

Now suppose that C• is split exact with splitting maps {sn}. Consider the following
diagram:
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We see that since C• is exact, then ker(dn) = im(dn−1), so each
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is exact. Moreover, sn−1 : Cn−1 → Cn can be restricted to a map s′n−1 : im(dn) → Cn. We
know that dnsn−1dn = dn, so dns

′
n−1dn = dn = in−1dn and since dn is surjective onto im(dn),

we have dns
′
n−1 = in−1, so the above short exact sequence splits. Then Cn

∼= im(dn) ⊕
im(dn+1). We see that each dn : Cn → Cn−1 is just projection onto the first coordinate, and
then inclusion into the second coordinate: dn(a, a′) = (0, a). Now define a chain homotopy
{tn} by tn : Cn → Cn+1 : (a, a′) 7→ (a′, 0). Then given any (a, a′) ∈ im(dn)⊕ im(dn+1) we see
that

(dn+1tn + tn−1dn)(a, a′) = dn+1(a
′, 0) + tn−1(0, a) = (0, a′) + (a, 0) = (a, a′),

so dn+1tn + tn−1dn = in, thus in is null homotopic.
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