Homological Algebra Homework 1 - Question 1 Chriestenson, Gern

Exercise 1.1.6: Let I' be a finite graph with V' vertices (v1,v2,...,vy) and E edges
(e1,€2,...,er). If we orient the edges, we can form the incidence matrix of the graph.
This is a V' x E matrix whose (ij)-entry is +1 if the edge e; starts at v;, —1 if e; ends at
v;, and 0 otherwise. Let Cy be the free R-module on the vertices, C; the free R-module on
the edges, C,, = 0if n # 0,1, and d : C; — Cj the incidence matrix. If ' is connected, show
that Ho(C') and H,(C) are free R-modules of dimension 1 and £ — V + 1 respectively.

Proof: Notice first Hi(I') = ker(d) and Hy(I') = Cy/im(d). Now for any ajv; + asvy +
-+ ayvy € Cp can be rewritten: aj(vy — vy) + az(ve — vy ) -+ + ay_1(vy_1 — vy) + (a1 +
as + -+ ay)vy. And if we have that by(v; —vy) + -+ by_1(vy_1 — vy) + byvy = 0 then,
fori =1,2,...,(V — 1), the vertex v; only appears once so b; = 0 but this implies b, = 0.
Hence the set {v; — vy, vy} is a free basis of Cy. Therefore we have that:

Co = (B R(vi — w)) & Ro.

Since I' is connected we may find a tree 7' C I', that contains all of the vertices. For each
1 =1,2,...,V there is a path in T from vy to v; passing through edges e;1, €59, ..., €. If
when we traverse this path from vy to v; we travel along the edge e;; from tail to head we let
n;; = 1, and if we traverse e;; from head to tail we let 7;; = —1. Define ¢; = nj1€1 4 - -+ niCik-
Note that dc; = v; — vy. Thus v; — vy € im(d) fori =1,2,...,(V —1). This mean that:

(Gaz"/:_ll R(v; — Uv)) C im(d).

Since Cj is free on the set {v;}}_, we may define a map ¢ : Cp — R : v; — 1 for all
1 =1,2,...,V. Since R is a free ring on the generator 1 we may define s : R — Cj by
s(1) = vy. Notice that for any r € R we have (eos)(r) =r(eos)(1) =r. Thus eos = 1g, so
e maps Rvy isomorphically onto R. For each edge e; with j = 1,2,..., E' we have (eod)e; =0
hence

(@15 Rvi = v)) € im(d)  ker(e) € (DY R(vi =)

Therefore we have that

and hence
H(](F) = C(]/lm(d) = RUV

is a free R-module on one generator.

Recall that a tree with V' vertices has V' — 1 edges, so there are E — V + 1 edges not
in 7. For each edge, ¢;, going from v;; to v;; that is not in the tree 7' we define the chain
2j = ¢ji +ej — ¢ € Cr. If we have dyz1 + -+ + d(g—v41)2(E—v+41) = 0, then each edge
e; that is in z; but not 7" shows up only once in this sum so its coefficient, d;, must be 0.
Thus all of the d;’s are 0, and the z;’s are independent. Note that dz; = dc;; + de; — dcji, =
Vij — Uy + U — v + vy — v, = 0. Hence we have
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DV Rz C ker(d).

If any edge e; going from v;; to vy is in T then e; = ¢ — ¢;;, and if it is not in 7" then

e; = Ci, + 2 — ¢;;. Hence {¢; }/:_11 U {zj}f:_lv“ spans (1. So we have,

C, = (@Z.E:_lvﬂ Rzi) + Spanpg ({cj};/z_ll).

Define A = Spang ({cj};-/:_ll), now define a map p : im(d) — A : v; — vy — ¢;. Note that
(pod|a) = 1a. Thus d|a is injective. If x € C; we can write x = z + ¢ with ¢ € A

and z € @Z-E:_lvﬂ Rz;. Now if x € ker(d) then 0 = dx = dz + dc = dc, but since d|4 is

injective, and ¢ € A, we must have ¢ = 0. Hence z = z € @f:_lvﬂ Rz;. This means that

ker(d) € @, """ Rz. Therefore we have shown that ker(d) = @7,"*" Rz, thus giving the
desired results:

Hy(T) = ker(d) = @7V Rz

is a free R-module of rank £ —V + 1.0



