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Recall: definability within a structure

We may expand the language to introduce new constant symbols, operation
symbols, and predicate symbols, without changing meaning, if the new
structural elements are definable by formulas.

Examples.

1 Let ⟨V ; ∈⟩ be a model of ZFC. We may enrich our language with new
symbols ∅, ⊆, ∪, ∩, P(x), . . ., without changing the structure of
interest, because these concepts are definable by formulas in the original
language.

2 In the real numbers, ⟨R; ·, +⟩, the following are definable (“without
parameters”)

1 0, 1, n
2 f(x) = −x, −n, s(x, y) = x − y,
3 x ≤ y
4 any single algebraic number
5 any finite union of (open, closed, half open, infinite) intervals whose

endpoints are algebraic numbers.
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Another example

Question. Is it possible to define multiplication in the structure ⟨R; +, x2⟩? (We are
given only addition and squaring.)

Answer. Yes. We can define the graph of z = xy as follows.

1 Define a ternary predicate P (x, y, u) by

(x + y)2 = x2 + u + y2.

This can be done with addition and squaring. P (x, y, u) expresses u = 2xy.

2 Now define a predicate Q(u, v) by

v + v = u.

3 Now define a predicate M(x, y, z) by

Q(u, z) ∧ P (x, y, u).
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But which relations are NOT definable by formulas?

We have a tool that helps to determine when a relation is not definable in a
structure.

Theorem. Any definable relation of A is preserved by all automorphisms of
A. Hence any relation that is not preserved by all automorphisms is not
definable.

Definition. An automorphism of a structure A = ⟨A; ⟩ is a permutation
of the universe A of A that preserves and reflects the structural elements.
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Examples

We saw that multiplication in R is definable from addition (A(x, y) = x + y),
and squaring (s(x) = x2). Do we really need both of these operations to
define multiplication? Might it be that multiplication is definable from
addition alone? Might it be that multiplication is definable from squaring
alone?

Answers. No.

1 The doubling map d : R → R : x 7→ 2x is a permutation that preserves
addition but does not preserve multiplication. (Check!)

2 There are permutations s : R → R that preserve squaring but not
multiplication. (Find one!) (Check it!)
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2 There are permutations s : R → R that preserve squaring but not

multiplication. (Find one!) (Check it!)
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Practice with automorphisms

Exercises. Consider ⟨R; <⟩ as an ordered set.

1 Show that the only unary relations definable in this structure are

∅, R.

2 Show that the only binary relations definable in this structure are

∅, =, ̸=, <, ≤, >, ≥, R2.

(You should show that these relations are definable by formulas, and that
no other relations are definable by formulas.)

3 There are finitely many ternary relations definable in this structure. Try
to estimate how many there are. (The exact number is given in
Exercise 2.2.14.)
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