Practice with Prenex Form!

Our goal is to learn how to move the quantifiers to the front without changing meaning.
Try it for this example:

(By)(Vz)(x = y)) = ((V2)(Fy)(z = y))

The first step is to standardize the variables apart without changing meaning. Then we
use the following rules to move quantifiers to the front, without changing meaning.

(1) ~(Ve)P = (32)(=P).

(2) ~(30)P = (v2)(=P)

(3) PV ((Fr)Q) = (3x)(P V Q) if P does not depend on z.
(4) PV ((V2)Q) = (Yx)(P V Q) if P does not depend on z.
(5) PA((3x)Q) = (Fx)(P A Q) if P does not depend on .
(6) PA((V2)Q) = (Yx)(P A Q) if P does not depend on z.

Applying the process to the first displayed formula, we get
(Fy)(Va)(z = y)) = (Vo) (Fy)(z =y)) = (Vs)(3)(Vx)Fy)((s = 1) = (z =y)).

Practice!

(1) Write some of the following statements in a logically equivalent form with quantifiers
at the front.

(a) If every lumberjack is hungry, then some lumberjack is hungry.

(b) (Bx)P(x) < (Fr)Q(z)

(¢) (Va)(vy)((z <y) = (Bz)(x <2 <y))

(2) Let A be a substructure of B. Explain why if ¢ is an existential formula and A = ¥[v]
for some valuation v in A, then B |= v¥[v]. (Use this fact to give an example of a
formula that is not equivalent to any existential formula.)



