Foundations of Mathematics
Quiz 5

Name:

You have 10 minutes to complete this quiz. If you have a question raise your
hand and remain seated. In order to receive full credit your answer must be com-
plete, legible and correct. When appropriate, show your work and give adequate
explanations.

1. The Lagrange 4-square Theorem states that every nonnegative integer is a sum of
four squares (n = a® + b + ¢ + d?). Use this fact to show that the order relation,
x <y, is a definable relation of the structure (Z;+,-).

We can copy the idea presented on October 2 for defining the relation x < y in
(R;+,-). You may recall that the process was to (i) define the set of nonnegative
real numbers as the set of squares, then (ii) define x < y if 2 + z = y where z is
nonnegative.

We can do the same thing here for the structure (Z;+,-): (i) define the set of
nonnegative integers as the set of sums of four squares, then (ii) define z < y if
x + z = y where z is nonnegative. Here are some explicit formulas:

Spnonnegative(z) = (Elwo)(flwl)(ﬂwg)(ﬂwg)(z = w(Q) + w% —+ w% —+ w%)
p< (:E? y) = (EIZ) (@nonnegative(z) A (17 +z= y))



