
The Kernel of a Function

The Kernel of a Function 1 / 8



Recall + Example

Let A = {0, 1, 2, 3, 4} and B = {a, b, c}. Define f : A → B by
f(0) = f(2) = f(4) = a and f(1) = f(3) = b. The coimage of this function
is the partition {{0, 2, 4}, {1, 3}}. This data can be encoded in the binary
relation we call the kernel of f :

ker(f) = {(x, y) ∈ A2 | f(x) = f(y)}.

Explicitly,

ker(f) = {(0, 0), (1, 1), (2, 2), (3, 3), (4, 4), (0, 2), (2, 0),
(0, 4), (4, 0), (2, 4), (4, 2), (1, 3), (3, 1)}

= {0, 2, 4}2 ∪ {1, 3}2.
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What are the properties of the kernel of a function?

Observe that the kernel of a function f : A → B has the following properties:

1 ker(f) is a binary relation on A.
2 ker(f) is reflexive:

(∀x)((x, x) ∈ ker(f)).

3 ker(f) is symmetric:

(∀x)(∀y)(((x, y) ∈ ker(f)) → ((y, x) ∈ ker(f))).

4 ker(f) is transitive:

(∀x)(∀y)(∀z)((x, y), (y, z) ∈ ker(f)) → ((x, z) ∈ ker(f))).
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Equivalence relations

Definition. An equivalence relation on a set A is a binary relation E ⊆ A2

that is

(reflexive) (∀x)((x, x) ∈ E).

(symmetric) (∀x)(∀y)((x, y) ∈ E → (y, x) ∈ E).

(transitive) (∀x)(∀y)(∀z)((x, y), (y, z) ∈ E → (x, z) ∈ E).

We observed on the preceding page that the kernel of any function is an
equivalence relation. We now show that every equivalence relation is a kernel.
This will show that we have accurately axiomatized kernels by the properties
that define equivalence relations (reflexivity, symmetry, transitivity).
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Equivalence classes

Let E ⊆ A2 be an equivalence relation on A. For a ∈ A, write a/E (or [a]E)
for the set of b ∈ A that are ‘reachable’ from a in one ‘forward step’:

a/E = [a]E = {b ∈ A | (a, b) ∈ E}.

Call a/E (or [a]E) the equivalence class of a (or the E-equivalence class of
a).

Claim. The set A/E := {a/E | a ∈ A} of E-equivalence classes is a
partition of of A. (A/E is called the partition associated to the equivalence
relation E.) (Note that the cells of this partition are the equivalence classes of
E.)

Must verify:

(0) A/E is a set of nonempty subsets of A.
(1)

⋃
[a]E = A, and

(2) If a/E ∩ b/E ̸= ∅, then a/E = b/E.

Check!
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Every equivalence relation is a kernel

Let E ⊆ A2 be an equivalence relation on A. Let A/E = {a/E | a ∈ A} be
the associate partition of A. Let νA/E : A → A/E : a 7→ a/E be the natural
map for this partition.

Claim. E = ker(νA/E).

Check!

This concludes the explanation of why the equivalence relation defining
properties correctly axiomatize kernels of functions.
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Examples of equivalence relations

1 (Equality) The equality relation, =, is an equivalence relation on any set.
2 (Equal parity) Define m ∼ n on Z is m and n have the same parity. (Both

m and n are even or both are odd.) Then ∼ is an equivalence relation on
Z. The equivalence classes are (0/ ∼) = 2Z and (1/ ∼) = 1 + 2Z.

3 (Congruent triangles) If T1 and T2 are triangles in the plane, write
T1 ≡ T2 if T1 is congruent to T2. Then ≡ is an equivalence relation on
the set of triangles in the plane.

4 (Equipotence) If A and B are sets, write A ∼= B if there is a bijection
f : A → B. Then ∼= is a “class equivalence relation”. This relation is a
binary relation on the class of all sets, which is not a set itself.

5 (Equal height) Let A be the set of students in this class. For a, b ∈ A,
write ≍ b if a and b have equal height. Then ≍ is an equivalence relation
on A.

6 (Rhymes) Let A be the set of all words. Write u ≈ v to mean that u
rhymes with v. Then ≈ is an equivalence relation on the set of words.
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Test yourself!

1 What is the kernel of the empty function f : ∅ → ∅? Does it satisfy the
definition of an equivalence relation?

2 Let A be an n-element set. Explain why the number of equivalence
relations on A is the same as the number of partitions of A. (This
number is called the nth Bell number, and it is written Bn.)

3 How many equivalence relations are there on the set A = {0, 1, 2, 3}?

4 Does every equivalence relation on A arise as the kernel of a function
from A to itself?
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Test yourself!

1 What is the kernel of the empty function f : ∅ → ∅? Does it satisfy the
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2 Let A be an n-element set. Explain why the number of equivalence
relations on A is the same as the number of partitions of A. (This
number is called the nth Bell number, and it is written Bn.)

3 How many equivalence relations are there on the set A = {0, 1, 2, 3}?

4 Does every equivalence relation on A arise as the kernel of a function
from A to itself?
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