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Recall that a function F from A to B is a relation from A to B that satisfies the
function rule.
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Example.

To “count” the set X = {A, B, C} and show it has three elements, we exhibit a
function F: 3 — X.
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Recall that a function F from A to B is a relation from A to B that satisfies the
function rule.
The statement that F' is a relation from A to B means that F C A x B.

Example.

To “count” the set X = {A, B, C} and show it has three elements, we exhibit a
function F: 3 — X.

(Recall that 3 = {0, 1,2}.)

Suppose that F(0) = A, F(1) = B, F(2) = C. Then the function F, as a
mathematical object, is the subset
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Recall that a function F from A to B is a relation from A to B that satisfies the
function rule.
The statement that F' is a relation from A to B means that F C A x B.

Example.

To “count” the set X = {A, B, C} and show it has three elements, we exhibit a
function F: 3 — X.

(Recall that 3 = {0, 1,2}.)

Suppose that F(0) = A, F(1) = B, F(2) = C. Then the function F, as a
mathematical object, is the subset

F=1{(0,A),(1,B),(2,C)} C3 x X.
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Exercise. Give examples and nonexamples exhibiting proper/improper use of
the concept or notation.

Functions: vocabulary and notation



What type of mathematical object?

Functions: vocabulary and notation



What type of mathematical object?

Question.

Functions: vocabulary and notation



What type of mathematical object?

Question. What kind of mathematical object is an image?

Functions: vocabulary and notation



What type of mathematical object?

Question. What kind of mathematical object is an image?

Answer.

Functions: vocabulary and notation



What type of mathematical object?

Question. What kind of mathematical object is an image?

Answer. The image of F : A — B is a subset of B.

Functions: vocabulary and notation



What type of mathematical object?

Question. What kind of mathematical object is an image?

Answer. The image of F : A — B is a subset of B.

Question.

Functions: vocabulary and notation




What type of mathematical object?

Question. What kind of mathematical object is an image?

Answer. The image of F : A — B is a subset of B.

Question. What kind of mathematical object is a coimage?

Functions: vocabulary and notation




What type of mathematical object?

Question. What kind of mathematical object is an image?

Answer. The image of F : A — B is a subset of B.

Question. What kind of mathematical object is a coimage?

Answer.

Functions: vocabulary and notation



What type of mathematical object?

Question. What kind of mathematical object is an image?

Answer. The image of F : A — B is a subset of B.

Question. What kind of mathematical object is a coimage?

Answer. The coimage of F : A — B is a partition of A.

Functions: vocabulary and notation



What type of mathematical object?

Question. What kind of mathematical object is an image?

Answer. The image of F : A — B is a subset of B.

Question. What kind of mathematical object is a coimage?

Answer. The coimage of F : A — B is a partition of A.

Definition.

Functions: vocabulary and notation



What type of mathematical object?

Question. What kind of mathematical object is an image?

Answer. The image of F : A — B is a subset of B.

Question. What kind of mathematical object is a coimage?

Answer. The coimage of F : A — B is a partition of A.

Definition. A partition of A is a set P consisting of nonempty subsets of A
satisfying

Functions: vocabulary and notation



What type of mathematical object?

Question. What kind of mathematical object is an image?

Answer. The image of F : A — B is a subset of B.

Question. What kind of mathematical object is a coimage?
Answer. The coimage of F : A — B is a partition of A.
Definition. A partition of A is a set P consisting of nonempty subsets of A

satisfying
QO Ur=A4,

Functions: vocabulary and notation



What type of mathematical object?

Question. What kind of mathematical object is an image?

Answer. The image of F : A — B is a subset of B.

Question. What kind of mathematical object is a coimage?
Answer. The coimage of F : A — B is a partition of A.
Definition. A partition of A is a set P consisting of nonempty subsets of A

satisfying
QO Ur=A4,

Functions: vocabulary and notation



What type of mathematical object?

Question. What kind of mathematical object is an image?

Answer. The image of F : A — B is a subset of B.
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Question. What kind of mathematical object is a coimage?

Answer. The coimage of F : A — B is a partition of A.
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(The elements of P are called the cells or the parts of the partition. If a € A,
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What type of mathematical object?

Question. What kind of mathematical object is an image?

Answer. The image of F : A — B is a subset of B.

Question. What kind of mathematical object is a coimage?

Answer. The coimage of F : A — B is a partition of A.

Definition. A partition of A is a set P consisting of nonempty subsets of A
satisfying

Q@ UP=A, and

Q@ ifX,YeP thenXNY=0orX=Y.
(The elements of P are called the cells or the parts of the partition. If a € A,
then the cell containing a is often written [a] or [a]p.)

Example. P = {{0, 1,2}, {3,4}} is a partition of A = {0, 1,2, 3,4}.
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What type of mathematical object?

Question. What kind of mathematical object is an image?

Answer. The image of F : A — B is a subset of B.

Question. What kind of mathematical object is a coimage?

Answer. The coimage of F : A — B is a partition of A.

Definition. A partition of A is a set P consisting of nonempty subsets of A
satisfying

Q@ UP=A, and

Q@ ifX,YE P, thenXNY=0orX=7Y.
(The elements of P are called the cells or the parts of the partition. If a € A,
then the cell containing a is often written [a] or [a]p.)
Example. P = {{0,1,2},{3,4}} is a partition of A = {0, 1,2,3,4}. P has
two cells, Ay = {0,1,2} and A, = {3,4}.
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Q A setis asubset of B if and only if it is the image of a function with
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Subset and Partition capture Image and Coimage
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Theorem.

Q A setis asubset of B if and only if it is the image of a function with
codomain B.

©Q A setis a partition of A if and only if it is the coimage of a function with
domain A.

Idea of proof:
Stage 1. Show that an image is a subset and a coimage is a partition.

Stage 2. Suppose that S C B. Show that S is the image of the inclusion map
ts: S — B:s+>s.

Next suppose that P is a partition of A. Show that P is the coimage of the

natural map
vp: A — P:aw— lal.
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Stage 2. Suppose that S C B.
Claim. S = im(¢g).

If s € S, then ¢5(s) = s € im(cg).
Conversely, if s € im(cs), then s = ¢5(¢) for some 7 € S. But ¢5(f) = ¢, so
s = 15(t) =t € S. This shows that S = im(sg).

Claim. P = coim(vp).

If [a] € P, then la] = v '([a]) € coim(vp). Conversely, if [a] € coim(vp),
then [a] = vp ' ([b]) for some [b] € P. Then vp(a) € [b], so a € [a] N [b]. This
implies that [a] = [b] € P.
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The coimage of a function is a partition of the domain. The same data is
encoded in the “kernel” of the function. Kernels are relations, while coimages
are not, so sometimes it is easier to use kernels.

Definition. The kernel of a function F: A — B is the relation
ker(F) = {(a,d') € A* | F(a) = F(d)}.

This is the set of pairs that “F makes equal”.

Examples.
@ The kernel of id, is the equality relation on A.
@ The kernel of a constant function with domain A is A X A.
@ The kernel of F: R — R: x — x?is {(x, —x) | x € R}.
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