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The Formal Language of Set Theory

The Axiom of Extensionality can be expressed in the formal language of set
theory by

(∀x)(∀y)((x = y) ↔ (∀z)((z ∈ x) ↔ (z ∈ y))).

Informally, we would say “For all x and y, x is equal to y if and only if they
have the same elements”. To express this idea (and others) we need the
following alphabet of symbols:

1 variables: x, y, z, . . ..
2 equality: =.
3 logical symbols: ∧, ∨, ¬, →, ↔, ∃, ∀.
4 nonlogical symbols for set theory: only ∈.
5 punctuation (optional): parentheses and commas.
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Expanding the Language, 1

As we develop mathematics, we introduce new concepts. We may introduce new
symbols to denote the new concepts, but to protect the foundations of mathematics
we want all new concepts to be definable in terms of the original symbols.

Example 1. (∅)
There are only two axioms that assert the existence of special sets, so those sets are
frequently referred to when constructing other sets. One of those special sets is the
empty set. We introduce the symbol ∅ for this set. We define this new symbol by the
following formula:

φ∅(x) : (∀y)(¬(y ∈ x)).

(φ = Greek letter ‘phi’ = starting sound of the word formula.)
The formula φ∅(x) accepts one input, x, and returns ‘true’ is x satisfies the formula
and returns ‘false’ if x does not satisfy the formula. Note that this formula defines the
new symbol ∅ in terms of the original alphabet of symbols of set theory. We may now
use the symbol ∅ informally even though it was not in our original alphabet of
symbols. If you challenge me to be formal, then I will replace all uses of ‘∅’ by
correct uses of ‘φ∅(x)’.
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Expanding the Language, 2

Example 2. (S = successor symbol)
There is a function, called the successor function, which accepts any set x as
input and returns the set x ∪ {x}. (The output, x ∪ {x}, is a set: the Axiom of
Pairing guarantees that if x is a set, then {x, x} = {x} is also a set. The
Axiom of Union then guarantees that if x and {x} are both sets, then so is
x ∪ {x}.) We define the successor function with the new symbol S by the
following formula:

φS(x, y) : (∀z)((z ∈ y) ↔ ((z ∈ x) ∨ (z = x))).

The formula φS(x) accepts two inputs, x and y, and returns true exactly when
‘y = S(x)’ is true. Note that this formula defines the new symbol S in terms
of the original alphabet of symbols of set theory.
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Expanding the Language, 3

Example 3. (symbols for natural numbers)
Now we are in a position to introduce symbols for every natural number. We
just need to write down the right formulas for them. (Try it!)

0 := ∅
1 := S(0)
2 := S(1)
3 := S(2)

...
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Expanding the Language, 4

Example 4. (Subset)
If A and B are sets, we say that A is a subset of B if every element of A is an
element of B. (Equivalently, the elements of B include all of the elements of
A and possibly other elements.) We introduce a new symbol ⊆ and write

A ⊆ B

if we want to express that A is a subset of B. To make it ‘legal’ to introduce
the new symbol ⊆, we need to define it:

φ⊆(A, B) : (∀x)((x ∈ A) → (x ∈ B)).
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Examples of Subsets

Problem. Find ALL subsets of the set {a, b, c}. What is the set of all subsets of
{a, b, c}?
Solution.
First part:

1 (Subsets of {a, b, c} that have 0 elements)
∅.
(Check that the empty set is a subset of ANY set.)

2 (Subsets of {a, b, c} with 1 element)
{a}, {b}, {c}.

3 (Subsets of {a, b, c} with 2 elements)
{a, b}, {a, c}, {b, c}.

4 (Subsets of {a, b, c} with 3 elements)
{a, b, c}.
(Check that any set is a subset of itself.)

Second part: {∅, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}} = P({a, b, c}).
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The Power Set of a Set

We can expand the language of set theory with a power set symbol to make it
more convenient to discuss power sets. The definition is:

φY =P(X)(X, Y ) : (∀z)((z ∈ Y ) ↔ (z ⊆ X)).

This formula accepts two sets P and X as inputs and returns the value ‘true’
if P is the power set of X and returns the value ‘false’ if P is not the power
set of X .

Since we can define the concept of power set by a formula that ultimately can
be reduced to a formula of set theory, we can expand our alphabet of symbols
to include the power set symbol P (calligraphic P ). We write Y = P(X) to
express that Y is the power set of X .

The Power Set Axiom asserts that if X is a set, then the power set P(X) is
also a set.
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Practice

Problems.

1 Write down the power set of each of these sets.

1 ∅.
2 {∅}.
3 {{∅}}.
4 {a, b}.

2 Explain why A = B if and only if A ⊆ B and B ⊆ A.

3 Explain why A ⊆ B if and only if P(A) ⊆ P(B).

4 Explain why A = B if and only if P(A) = P(B).
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