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Recall

1 A ‘proposition’ is a declarative sentence.
2 We are studying how complex propositions α, β, γ, . . . can be

constructed from simpler ones p, q, r, . . . using connectives.
3 A ‘valuation’, v : Variables → {0, 1}, assigns truth values to variables.

Any valuation extends uniquely to a function v : Formulas → {0, 1} that
respects the connectives and assigns truth values to every formula.

4 v ‘satisfies’ α if v(α) = 1.
5 If Γ is a set of formulas, then Γ |= α means ‘every valuation that satisfies

all formulas in Γ also satisfies α’.
6 We are discussing a ‘proof calculus’ for propositional logic where where

the provability relation Γ ⊢ α captures semantic entailment Γ |= α.
7 We desire our proof system to be

1 (Sound) Γ ⊢ α implies Γ |= α.
2 (Complete) Γ |= α implies Γ ⊢ α.
3 (Decidable) We can recognize if a sequence is a proof.
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Our progress

We have chose a proof system ⟨Axioms, Rules⟩ where

1 Axioms = all tautologies.
2 Rules = Modus Ponens (the mode that affirms).

Here, MP is the rule
α, (α → β)

β
. (From α and (α → β), derive β.)

We have explained why this proof system is

1 Sound.
2 Finitely Complete. (Γ |= α implies Γ ⊢ α provided Γ is finite.)
3 Decidable.

The Compactness Theorem explains how to go from “Finitely Complete” to
“Complete”.
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What does Compactness mean?

Suppose that the triple turnstile symbol ⊢⊢⊢ is used to mean either ⊢ or ⊨. Let’s
convince ourselves that enlarging Γ preserves ⊢⊢⊢-entailment. That is, if
Γ ⊆ Γ′, then

Γ ⊢⊢⊢ α implies Γ′ ⊢⊢⊢ α.

(Check for both ⊢ and |=!)

Let’s refer to this by saying that ⊢⊢⊢ is ‘monotone’.
Next, observe that ⊢ has the following ‘compactness’ property:

If Γ ⊢ α, then there exists a finite subset Γ0 ⊆ Γ such that Γ0 ⊢ α.

Since we want ⊢ to capture ⊨, we would like the same ‘compactness’ property
to hold for ⊨:

If Γ ⊨ α, then there exists a finite subset Γ0 ⊆ Γ such that Γ0 ⊨ α.

The ‘Compactness Theorem for Propositional Logic’ asserts that the last
displayed line is a true statement.
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Assume Compactness. Then what?

Assume for now that the Compactness Theorem is true. We can now finish
our argument that our proof calculus for Propositional Logic is complete.

Completeness Theorem. If Γ |= α, then Γ ⊢ α.

Proof:

1 Assume that Γ |= α.
2 There is a finite Γ0 ⊆ Γ such that Γ0 |= α by Compactness.
3 Γ0 ⊢ α by Finite Completeness.
4 Γ ⊢ α by monotonicity. 2

Note: We have not proved the Compactness Theorem, but the above argument
motivates us to seek a proof.
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Other ways to state the Compactness of |=

Compactness fails for Γ |= α if and only if

1 Γ |= α, but
2 Γ0 ̸|= α for every finite subset Γ0 ⊆ Γ.

Next, convince yourself that the following are equivalent:

1 Γ |= α.
2 No valuation satisfies Γ ∪ {(¬α)}. (Γ ∪ {(¬α)} is ‘unsatisfiable’.)

Putting these together, we conclude that the Compactness Theorem fails if
and only if there is an unsatisfiable set ∆ (e.g., ∆ := Γ ∪ {(¬α)}) where
every finite subset is satisfiable. (Check this claim!)

Alternative version of the Compactness Theorem, 1. If ∆ is unsatisfiable,
then some finite subset ∆0 ⊆ ∆ is unsatisfiable.

Alternative version of the Compactness Theorem, 2. If every finite subset
∆0 ⊆ ∆ is satisfiable, then ∆ is satisfiable.
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Sketch of proof of the Compactness Theorem

Assume that Compactness fails because there is a finitely satisfiable set ∆ of
formulas that is not satisfiable. Seek a contradiction to this following these
steps:

1 Enlarge ∆ to a superset ∆ ⊆ ∆′ ⊆ Formulas
that has the properties

1 ∆′ is finitely satisfiable, and
2 for every α ∈ Formulas, either α ∈ ∆′ or ¬α ∈ ∆′.

2 Define v : Formulas → {0, 1} by v(α) = 1 if α ∈ ∆′ and v(α) = 0 if
¬α ∈ ∆′. Show that v is a valuation. (This will contradict the
assumption that ∆ is not satisfiable.)
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¬α ∈ ∆′. Show that v is a valuation. (This will contradict the
assumption that ∆ is not satisfiable.)
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