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The language of ZFA

ZFA = Zermelo Fraenkel set theory with atoms.

Atoms (also called urelements, from the German prefix Ur, which means
original, earliest, or primitive) are objects that are not sets, but are permitted
to be elements of sets.

ZFA is a first-order theory in a language extending the usual language of ZF
by the addition of two constant symbols:

1 The constant symbol A, which is intended to denote the set of atoms.
2 The constant symbol ∅ (or 0), which is intended to denote the empty set.

The reason that we introduce a new logical constant for ∅ is that the old
formula for the empty set no longer defines it uniquely:

φ∅(x) : ¬(∃y)(y ∈ x).

The empty set will satisfy this formula, but every atom will also satisfy the
formula.
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The axioms of ZFA

The axioms of ZFA are the same as the axioms for ZFC, with the following
exceptions:

Exception 1. (Empty Set)
¬(∃y)(y ∈ ∅).

Exception 2. (Atoms)

(∀x)((x ∈ A) ↔ ((x ̸= 0) ∧ ¬(∃y)(y ∈ x))).

Any element of the universe that is not an atom will be called a “set”. There is
a first-order formula that defines what it means to be a set, namely

φset(x) : (x ̸∈ A).
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The axioms of ZFA - further exceptions

We restrict the ZFC axioms of Extensionality and Foundation to sets, only.

Exception 3. (Extensionality)

(∀x)(∀y)[(φset(x) ∧ φset(y)) → ((x = y) ↔ (∀z)((z ∈ x) ↔ (z ∈ y)))].

or
(∀ sets x)(∀ sets y)((x = y) ↔ (∀z)((z ∈ x) ↔ (z ∈ y))).

Exception 4. (Foundation)

(∀ sets x)(∃y)((y ∈ x) ∧ (x ∩ y = ∅)).

You can see what damage it would cause if we didn’t restrict Extensionality

and Foundation to sets only.
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Ordinals, pure sets, ranks

We can define ordinals almost the same way as in ZF.
An ordinal is a transitive set of transitive sets . . . that is disjoint from the set
of atoms.

We can define transitive closure the same way as in ZF. (Don’t need AC for
this, and atoms do not get in the way.)

Call x a pure set if tr.cl(x) ∩ A = ∅.

We can define ranks similarly to the way we defined them in ZF.

V0(A) = A.

Vα+1 = Vα ∪ P(Vα).

Vλ(A) =
⋃

β<λ Vβ(A), λ limit.

Exercise. Let A = {a, b}. Find V0(A), V1(A), V2(A).
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Partial Solution to the Exercise!

Exercise. Let A = {a, b}. Find V0(A), V1(A), V2(A).

1 V0(A) = {a, b}.

2 V1(A) = {a, b, ∅, {a}, {b}, {a, b}}.

3 V2(A) = V1(A) ∪ P(V1(A)) equals the union of {a, b} and the 64-element set
P({a, b, ∅, {a}, {b}, {a, b}}), which I don’t want to write down. Three
examples of the ‘complex’ elements in V2(A) are

X = {∅, {a, b}}, Y = {∅, a, {b}, {a, b}} and Z = {∅, {a}, b, {a, b}}.

Follow-up Question. The permutation π = (a b) of A = {a, b} induces an
automorphism π̂ of the structure ⟨V (A); ∈ A, ∅⟩. Must this automorphism be the
identity?

Answer. No. π̂ = (̂a b) switches a, b ∈ V (A), so π̂ cannot be the identity. It also
switches Y and Z from above, which is more evidence that it is not the identity.
However, note that π̂ fixes a lot of V (A), e.g., π̂ fixes (i) any pure set, (ii) the set A of
atoms, and (iii) the set X = {∅, {a, b}} from above.
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Exercise. Let A = {a, b}. Find V0(A), V1(A), V2(A).

1 V0(A) = {a, b}.

2 V1(A) = {a, b, ∅, {a}, {b}, {a, b}}.

3 V2(A) = V1(A) ∪ P(V1(A)) equals the union of {a, b} and the 64-element set
P({a, b, ∅, {a}, {b}, {a, b}}), which I don’t want to write down. Three
examples of the ‘complex’ elements in V2(A) are

X = {∅, {a, b}}, Y = {∅, a, {b}, {a, b}} and Z = {∅, {a}, b, {a, b}}.

Follow-up Question. The permutation π = (a b) of A = {a, b} induces an
automorphism π̂ of the structure ⟨V (A); ∈ A, ∅⟩. Must this automorphism be the
identity?

Answer. No. π̂ = (̂a b) switches a, b ∈ V (A), so π̂ cannot be the identity. It also
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